GENERALIZED FIXED POINT ALGEBRAS FOR COACTIONS 
OF LOCALLY COMPACT QUANTUM GROUPS 
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Abstract. We extend the construction of generalized fixed point algebras to 
the setting of locally compact quantum groups — in the sense of Kustermans 
and Vacs - following the treatment of Marc Rieffel, Ruy Exel and Ralf Meyer 
in the group case. We mainly follow Meyer's approach analyzing the construc- 
tions in the realm of equivariant Hilbert modules. 

We generalize the notion of continuous square-integrability, which is ex- 
actly what one needs in order to define generalized fixed point algebras. As 
in the group case, we prove that there is a correspondence between contin- 
uously square-integrable Hilbert modules over an equivariant C*-algebra B 
and Hilbert modules over the reduced crossed product of B by the underlying 
quantum group. The generalized fixed point algebra always appears as the al- 
gebra of compact operators of the associated Hilbert module over the reduced 
crossed product. 



1. Introduction 

Let G be a locally compact group and let X be a G-space, that is, a locally 
compact Hausdorff space with a continuous action of G. The action of G on X is 
called proper if the map G x X — > X x X, (t, x) (t ■ x,x) is proper in the sense 
that inverse images of compact subsets are again compact. 

Properness is a concept that enables properties of actions of non-compact groups 
to resemble those of compact groups. Proper actions have many nice properties. 
One of the most important ones is the fact that the orbit space G\X is again a 
locally compact Hausdorff space. 

A program to extend this notion to the setting of noncommutative dynamical 
systems, that is, groups acting on C*-algebras, was initiated by Marc Rieffel in 
[26] ■ His idea relies on one basic result, namely, the fact that for a proper G-space 
X, the commutative G*-algebra Cq(G\X) associated to the orbit space is Morita 
equivalent to an ideal in the reduced crossed product Cq(X) X r G, where we let G 
act on Cq(X) in the usual way. This ideal is the entire crossed product if and only 
if the action is free. 

The imprimitivity bimodule implementing the Morita equivalence between the 
algebra Gq(G\X) and the ideal in the crossed product turns out to be a suitable 
completion of the space C C (X) of compactly supported continuous functions on X. 
Based on this fact, Rieffel called a (not necessarily commutative) G-G*-algebra, 
that is, a G*-algebra A with a (strongly) continuous action of G, proper if there 
exists a dense *-subalgebra Ao of A with some suitable properties (modeled on 
C C (X) in the commutative case) such that Aq can be completed to an imprimitiv- 
ity bimodule between the generalized fixed point algebra Fix(Ao) - obtained from 
averaging elements of Aq along the given action - and a suitable ideal T(Aq) in 
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the reduced crossed product algebra A x r G. Needless to say, in the commutative 
case one takes Ao = C C (X) to obtain Fix(Ao) = Cq(G\X). Thus Fix(Ao) is a 
noncommutative version of the orbit space. If, in addition, X(Aq) is the whole 
reduced crossed product, the action is called saturated. Saturation is therefore a 
noncommutative manifestation of freeness. For other noncommutative notions of 
freeness (for actions of finite/compact groups), we refer to [25] . 

Rieffel has further investigated his first definition of proper actions in a second 
work [37]. He came out with another possible notion for noncommutative proper 
actions, the so-called integrable actions. These include the proper actions previously 
defined. In order to explain better this second definition, let us say that G acts on A 
via an action a. A positive element a £ A is called integrable if there exists b in the 
multiplier algebra A4 (A) of A such that for any positive linear functional 9 on A, the 
function 1 1— > f?(a t (a)) is integrable in the ordinary sense, and J G 9(ctt(a)) dt = 9(b). 
In this case, it is natural to write b = J at (a) dt. However, we should point out that 
this integral does not converge in Bochner's sense, unless G is compact or a = 0, 
because the integrand has constant norm. The G-C*-algebra A is called integrable 
if the space of integrable elements (that is, elements of A that can be written as a 
linear combination of positive integrable elements) is dense in A. 

Integrability is closely related to the notion of properness discussed previously. 
Indeed, Rieffel proved in [37] that if A is proper, then it is also integrable. Further- 
more, he also proved that in the commutative case A = Co (A), where X is some 
locally compact G-space, A is integrable if and only if X is a proper G-space. More- 
over, in this case C C (X) consists of integrable elements and the generalized fixed 
point algebra Co(G\X) is generated by the averages J a t (a) dt with a £ C C (X). 

However, it was not clear to Rieffel in [37] whether, given an integrable G-G*-al- 
gebra A, there is a dense subspace A C A yielding the properness of A (as defined 
in 26 ) and hence the desired generalized fixed point algebra. He defined a "big 
generalized fixed point algebra" generated by averages that worked in the commu- 
tative case, but, in general, it was really too big to be Morita equivalent to an ideal 
in the reduced crossed product. As explained by Ruy Exel in [9, ID], the problem 
appears already in the case of Abelian groups. 

Exel was more interested in another point, namely, to characterize the G-G* -al- 
gebras appearing as dual actions on cross-sectional G*-algebras of Fell bundles (also 
called G*-algebraic bundles; see [IT]). 

Given an abelian group G with Pontrjagin dual G, the main result of [DJ states 
that the cross-sectional C*-algebra C*(B) of a Fell bundle B — {B x } x£ q over G is 
proper in Ricffel's sense if we equip it with the dual action of G. Conversely, Exel 
proved in [TDJ that a proper G-C*-algebra can be realized as the cross-sectional 
G*-algebra of some Fell bundle over G. And the associated generalized fixed point 
algebra can be identified with the unit fiber of the Fell bundle. To prove this re- 
sult Exel defined in [10] an interesting relation between integrable elements called 
relative continuity. Moreover, this relation turns out to be equivalent to the require- 
ment that some natural operators belong to the crossed product algebra [TDJ The- 
orem 7.5]. Due to this fact, if relative continuity is present, then it is possible to 
construct a generalized fixed point algebra which is Morita equivalent to an ideal 
in the crossed product ID] Section 9] . 

Thus relative continuity is closely related to the notion of proper action defined by 
Rieffel in [26] and, in particular, this is a sufficient condition to find the generalized 
fixed point algebra that Rieffel was looking for in [37] . 

However, some things were not clear in [ID] (see Questions 9.4, 9.5 and 11.16) 
and essentially these were the same problems that Rieffel met in [27] : 
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Question 1.1. (1) Suppose that A is an integrable G-G*-algebra. Is there a dense, 
relatively continuous subspace of A? 

(2) Are the generalized fixed point algebras associated to two different (say, 
maximal) relatively continuous subspaces always the same? 

The answers to these questions were given by Ralf Meyer in [23 where he also 
generalized the notion of relative continuity to non-Abelian groups. 

Meyer introduced in |22| the notion of square- integrability in the setting of group 
actions on Hilbert modules and proved that the square-integrable actions on (count- 
ably generated) Hilbert modules £>-modules are exactly those satisfying an equivari- 
ant version of the Kasparov Stabilization Theorem. Roughly speaking, this means 
that all such Hilbert modules are direct summands of countably many copies of 
L 2 (G,B), where B is some fixed G-G*-algebra. 

The main ingredient towards Meyer's results is the construction of the so-called 
bra-ket operators. Suppose that £ is a Hilbert B, G-module, that is, a Hilbert B- 
modules with a continuous action 7 of G compatible with the action /3 of G on B. 
Given an element £ G £ , Meyer defined the following maps in [22ll23| : 



An element £ G £ is said square-integrable if G L 2 {G, B) for all ?/ G £. In this 
case, becomes an adjointable operator £ — » L 2 (G, B), whose adjoint extends 
to an adjointable operator L 2 (G.B) — > £; we denote these extensions by and 
as well. Conversely, if extends to an adjointable operator L 2 (G,B) — » £, 
then £ is square-integrable. We say that £ is square-integrable if the space £ s i 
of square-integrable elements is dense in £. This notion is equivalent to Rieffel's 
integrability as previously defined: an action on a G*-algebra A is integrable if and 
only if A is square-integrable as a A, G-Hilbert module. 

The basic example of a square-integrable Hilbert B, G-module is L 2 (G,B) en- 
dowed with the diagonal action /3(g) A, where we identify L 2 (G, B) = B®L 2 {G) and 
write A for the left regular representation of G. Moreover, one can prove that direct 
sums or G-invariant direct summands of square-integrable Hilbert B, G-modules are 
again square-integrable. In particular, Hb '■— ©nen^ 2 ^-^) ^ s square-integrable, 
and the stabilization theorem in [2 2) says that it is the "universal example" in 
the sense that it contains (as direct summands) all the other countably generated 
square-integrable Hilbert B, G-modules. 

Now we turn our attention to the second work of Meyer [23] ■ Given square- 
integrable elements £, 7] G £, we write ((£ 1 r?}) := o \r]}} and := 10) ((v\- 
A short computation shows that the operators : £ — > L 2 (G,B) and \rj)) : 
L 2 (G,B) — > £ are G-equi variant. In particular, so are the operators ((£ | 77)) € 
£(L 2 (G, B)) and G C(£), where for any two Hilbert _B-modules £\ and £2, 
we denote by £(£1,^2) the space of all adjointable operators £\ — > £2- We also 
write C (£i,£2) for the subspace of G-equivariant operators. Note that the space 
of G-equivariant operators C G (£) is (canonically isomorphic to) the multiplier fixed 
point algebra Mi \ K.{£j) and this should possibly contain a generalized fixed point 
algebra. This indicates that the operators \^f){(r]\ may generate a candidate for the 
generalized fixed point algebra. On the other hand, the reduced crossed product al- 
gebra B xi r G has a canonical realization as a G*-subalgebra of C (L 2 (G, B)) . Our 
basic principle is that a generalized fixed point algebra should be Morita equiva- 
lent to some ideal in the reduced crossed product. This naturally leads us to the 
following definition ([23J Definition 6.1]): 



m-.£^C b (G,B), 
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Definition 1.2. A subset TZ £ £ consisting of square-integrable elements is called 
relatively continuous if ((1Z\1Z)} :— {((^\r/)) : £, r) £ TZ} £ B x r G. 

Given a relatively continuous subset 72 C £ , we define 

,F(£,72.) := span(|72)) o S x r G) C C G (L 2 {G, B), £) . 

By definition of relative continuity, J 7 (£,TZ) is a concrete Hilbert B x r G-module 
in the sense that it is a closed subspace of C (L 2 (G,B),£) satisfying 

J(f,K)oB» r GCJ(£,K) and T(£,TZ)* o T{£,TV) C B x r G. 

A concrete Hilbert £? x r G- module can be regarded as an abstract Hilbert i? x r G- 
module in the obvious way. Conversely, any abstract Hilbert £? x r G- module T can 
be represented in an essentially unique way in CP (L 2 (G , B) , £?) , where £jr is the 
balanced tensor product J ' ®b-a t g L 2 (G,B) ([531 Theorem 5.3]). 

The algebra of compact operators on J"(£,7£) is canonically isomorphic to the 
closed linear span of T{£ , H)oF(£, TV)* £C G {£) which we denote by Fix(£, ft) and 
call the generalized fixed point algebra associated to the pair (£,1Z). It is therefore 
Morita equivalent to the ideal X(£,TV) := span(J"(£, 72.)* o T[£, TV)) C B xi r G and 
J 7 (£,72.) may be viewed as an imprimitivity Hilbert bimodule implementing this 
Morita equivalence. 

In general, there are many relatively continuous subspaces 1Z C £ yielding the 
same Hilbert B x r G-module T — F(£,TZ) (and hence the same generalized fixed 
point algebra). However, we can control this by imposing some more natural con- 
ditions on TZ. We say that TZ is complete if it is a G-invariant B-submodule of 
£ (that is, 7* (72.) C TZ and TZ ■ B C TV) which is closed with respect the si- norm: 
ll£llsi : = IICII + 1110)11- The completion of TZ is the smallest complete subspace TZ C 
containing TZ. If TZ is complete, then the Hilbert module F{£,TZ) is just the closure 
of 1 72,)) and, as a consequence, the generalized fixed point algebra Fix(£,72.) and 
the ideal X(£,TZ) are just the closed linear spans of |72.))((72.| and ((72 | 72.)), respec- 
tively. Moreover, we always have F(£,TV) = J-(£,TZ C ) for any relatively continuous 
subset TZ and hence we can replace TZ by its completion to get the same results. If 
we restrict attention to complete subspaces, then TZ is uniquely determined by the 
Hilbert module J-(£,TZ) by the following result ( [231 Theorem 6.1]): 

Theorem 1.3. Let £ be a Hilbert B, G-module. Then the map TZ H> J-(£,TZ) is 
a bijection between complete, relatively continuous subspaces TZ £ £ and concrete 
Hilbert B x r G-modules T C C G (L 2 {G, B),£) . The inverse map is given by the 
assignment T H- TZ jr := {£ £ £ si : £ J 7 }. Moreover, TZ is dense in £ if and only 
if F{£,TV) is essential, meaning that span J '(£ ,TZ)(L 2 (G, B)) =£. 

A continuously square-integrable Hilbert B, G-module is a pair (£,TZ) consisting 
of a Hilbert B, G-module £ and a dense, complete, relatively continuous subspace 
TZ C £. This class forms a category if we take TZ-continuous G-equivariant opera- 
tors as morphisms, that is, G-equivariant operators that are compatible with the 
relatively continuous subspaces in the obvious way ( |23j). 

The construction (£,TZ) H> T(£ , 7£) is a functor from the category of continuously 
square-integrable Hilbert B, G-modules to the category of Hilbert fix, G-modules 
with morphisms as usual. Theorem 11.31 and the fact that any abstract Hilbert 
module can be realized as a concrete one imply that (£,TZ) J" (£,72.) induces a 
bijection between the isomorphism classes. Moreover, this construction is natural 
and yields an equivalence between the respective categories ([23] Theorem 6.2]). 
Using this correspondence, Meyer could give a negative answer to Question 11.11 
analyzing the subtle difference between square-integrable and continuously square- 
integrable representations on Hilbert spaces. 
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1.1. The quantum case: our main results. The main goal of this paper is to 
generalize the concepts and results above to the setting of locally compact quantum 
groups in the sense of Kustermans and Vaes [21] . 

In [8] we defined the notion of square-integrable coactions of a locally compact 
quantum group Q on C*-algebras and Hilbert modules generalizing the notion of 
integrable (or proper) actions of groups mentioned above. The basic ingredient here 
is the existence of a Haar weight on Q which naturally leads us to the setting of 
locally compact quantum groups. One basic example is the comultiplication of Q 
itself which is always integrable, for any locally compact quantum group. Moreover, 
given coactions and 73 of Q on C* -algebras A and B, respectively, and given a 
nondegenerate Q-equi variant *-homomorphism n : A — > Ai{B) 1 if 7^4 is integrable, 
then so is 75. As a consequence, we get that any dual coaction is integrable. In 
particular, if Q is regular, the dual coaction of Q on the algebra of compact operators 
K, := JC(L 2 (Q)) is integrable, where L 2 {Q) denotes the L 2 -Hilbert space associated 
to the Haar weight of Q. Moreover, even if Q is not regular, K. always has a canonical 
coaction of Q, and it is always integrable. More generally, we can always furnish 
the tensor product A ® K with a coaction of Q (whenever A has a coaction of Q) 
and this coaction is also always integrable. In particular, any coaction is Morita 
equivalent to an integrable coaction. 

As in the group case, the basic example of a square-integrable Hilbert £?, Q- 
module is B g3 L 2 (Q) endowed with a canonical coaction of Q. The main result in 
[5] is the quantum version of the equivariant Kasparov Stabilization Theorem (see 
HI Theorem 6.1]). 

Our main goal in this paper is to give the definition of relative continuity and gen- 
eralized fixed point algebras in the setting of coactions of locally compact quantum 
groups on Hilbert modules. In fact, once we have the bra-ket operators, the defini- 
tions are exactly the same as in the group case. Given a relatively continuous subset 
1Z in a Hilbert B, (^-module £, we define, as in the group case, a concrete Hilbert 
module T{£,TV) over the reduced crossed product B x r Q (the reason for this 
notation will be clear later). Again, the algebra of compact operators on T(£,1Z) 
is (canonically isomorphic to) the generalized fixed point algebra Fix(£, TV) and 
therefore, it is Morita equivalent to the ideal I(£,TZ) := span(.F(£, TV}* o F(£,TVj) 
in B X r Q . If X{£ ,7Z) is equal to B x r Q , then we say that 1Z is saturated. 

One of the first examples that we analyze is the coaction of Q on itself via the 
comultiplication. We already mentioned that this coaction is always integrable, 
but here is where the first difference appears: we prove that there is a non-zero 
relatively continuous subset of Q if and only if Q is semi-regular. Moreover, there 
is a saturated relatively continuous subset of Q if and only if Q is regular. 

If Q is compact, then any subset 7Z C £ is relatively continuous and the general- 
ized fixed point algebra Fix(£) = Fix(£,£) is the usual fixed point algebra which 
is therefore Morita equivalent to an ideal in the reduced crossed product. 

The most important example is the Hilbert B, Cf-module B <g> L 2 (Q). We prove 
that we always can find a dense, relatively continuous subspace TZq C B®L 2 {Q) such 
that T(B (8) L 2 (G),lZo) — B x r Q" . In particular, this shows that reduced crossed 
products appear as generalized fixed point algebras. This is a basic observation in 
the group case. 

We also analyze some completeness conditions of relatively continuous subsets. 
The possible non-co-amenability of the quantum group brings about some technical 
problems at this point. As in the group case, we can define complete subspaces, but 
it turns out that completeness alone is not enough in general. We need an extra 
condition that we call s- completeness. This is a sort of "slice map property" and 
this is where the script "s" comes from. If Q is co-amenable, then this condition 
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reduces to completeness. Having these completeness conditions we can then define 
a continuously square-integrable Hilbert B,Q-module to be a pair (£,1Z), where £ is 
Hilbert B, C?-modulcs, and 1Z is a dense, complete, relatively continuous subspace. 
If, in addition, 1Z is s-complete then we say that (£,1Z) is an s-continuously square- 
integrable Hilbert B, ^-module. 

One of our main results is a quantum version of Meyer's Theorem ll.3l above. If we 
replace completeness by s-completeness, then the result remains almost unchanged 
in the quantum setting (see Theorem [73] below). As in the group case, this implies 
that the construction (£,TZ) n- F{£,7V) is an equivalence between the categories 
of s-continuously square-integrable Hilbert B, ^-modules and Hilbert modules over 
the reduced crossed product B x T Q . The inverse construction is given by the 
assignment T ^ (£jr,lZjr), where := F ® Byi g-c [B ® L 2 (G)) and IZjr is the 
s-completion of the algebraic tensor product J0 B>1 gc TZq. 

Several applications and further developments of the theory of generalized fixed 
point algebras have been already explored in the group case since Rieffel's pioneering 
work on proper actions 26 . To mention just a few, we refer to [TH51 IT2"irn51ITT] . We 
expect that in the future some of these applications will also be available in the 
quantum world. 

2. Preliminaries and notational conventions 

Most of our notations will be as in [5]. For readers convenience, we review 
some of these here. A (reduced) locally compact quantum group - in the sense 
of Kustermans and Vaes [21] - will be generally denoted by Q. This is, therefore, 
a C*-algebra endowed with a comultiplication A: Q — s- A4(Q <E) G) and left and 
right invariant faithful Haar weights <p and ip, respectively, and all these data is 
required to satisfy several technical conditions (see [3T] for details). The symbol 
® will always mean the minimal tensor product between C*-algebras in this paper, 
and sometimes also denote (internal or external) tensor products between Hilbert 
modules. The Haar weights on Q are supposed to be lower semi-continuous and 
they can be uniquely extended to strictly lower semi-continuous weights on the 
multiplier C*-algebra Ai(Q). We use the same letters ip and ip to denote these 
extensions. The domain of p will be denoted dom(<p). This is a strictly dense 
*-subalgebra of M{Q) which is defined as the linear space of all positive elements 
x £ A4(G)+ with ip(x) < oo; of course, we use the same kind of notation for ip or 
any other unbounded linear map. We shall fix a GNS-construction associated to ip: 
this is a triple (H, t, A), where H is a Hilbert space, i: Q —> C(H) is a nondegenerate 
*-homomorphism (with extension to A4(G) also denoted t) and an unbounded linear 
map A: dom(A) := {x £ M(Q) : p(x*x) < oo} C M(G) -> H with dense range 
satisfying (A(x) | A(y)) = <p(x*y) for all x,y £ dom(A) and A(xy) — i(x)A(y) for 
all x £ M(G) and y £ dom(A). The map A is closed with respect to the strict 
topology on A4(G) and the norm on H. Moreover, since ip is faithful, i is a faithful 
representation of Q and we use it to identify Q with its image in C{H) via i. In 
other words, we view i as an inclusion map Q C(H) and omit it from all formulas 
(so, for instance, we have A(xy) = xA(y)). The Hilbert space H is also sometimes 
denoted L 2 (Q). Other objects associated to a quantum group, like the left and 
right regular corepresentations W and V, the modular element S, scaling constant 

and so on, will be reviewed throughout the text as need. 

Of most importance for us will be the slice maps associated to <p> and A. Given 
an arbitrary C*-algebra A, there is an unbounded linear id^ <8> <p from a suitable 
strictly dense (hereditary) *-subalgebra dom(id y i ® <p) C M{A ® Q) to M.(A); a 
positive element x £ M(A ® Q) + belongs to dom(id,4 ® ip) iff there is a £ M{A) 
such that for all positive linear functionals 9 £ A+, (9 (g) \dg)(x) £ dom(i^) and 
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in this case (id,4 (g p){x) — a - There is also an unbounded linear map id^ <g A 
from dom(id j4 <g A) := {x G M(A (g C?) : x*x G dom(id j4 (g) to M(A <g H) := 
£(^4, A&H), where here A is viewed as (right) Hilbert ^-module and A®H denotes 
the usual Hilbert A-module defined as the (external) tensor product of A with H. 
The space Ai(A (g H) is also sometimes called the multiplier module of A (g H; 
this is a Hilbert M. (yl)-module in the canonical way. The space dom(id J 4 (g A) is a 
strictly dense left ideal in M(A (g Q) whose associated hereditary *-subalgebra is 
dom(idA ® ¥>), that is, every element of dom(id,4 (g ip) is a linear combination of 
products x*y with x, y £ dom(id J 4 <g A). The map id^ <g A is closed for the strict 
topology on M(A (g Q) is the strong topology on M(A (g H) and satisfies 

(id a (g A)(x)*(id A <g A)(y) = (id^ ® <p){x*y) for all x,y £ dom(kU <g A); 
(idA <g A)(xy) = a; • (id a ® A)(y) for all a; € X(A (g £), t/ € dom(idA (g A). 
The full construction and further properties of the maps idyt (g ip and id a <g A are 
given in [20]. Recall that A is the GNS-map for ip; the map id^ (g A may be viewed 
as a sort of generalized KSGNS-map for id^ (g Using linking algebras, it is 
possible to extend these constructions to Hilbert modules; we will have more to say 
about that in the next section. 

A coaction of Q on a C*-algebra B is a nondegenerate *-homomorphism jb-B^ 
M(B (g Q) satisfying (73 ig id) o j B = (id (g A) o j B . We are very flexible with 
this definition in general in the sense that we do not assume, for instance, that 75 
is injective or even that its range is contained in M.(B (g Q) := {x € A4(B <g (?) : 
<g £7), (1 <g £7)x CB® We say that 75 is continuous if the closed linear span 
of 7b(£?)(1 <g £/) equals B and in this case we say B is a C?-C*-algebra. Given 
a continuous coaction, we define the reduced crossed product: 

B x r §" := span (7b(-B)(1 <g §")) Q C(B (g iJ), 

where we have simply identified 7 b (-B) as a subalgebra of C(B (g if) using the 
representation Q <-» C(H). Here (J = JC? J denotes the C*-commutant of 5, where 
J is the modular conjugation of Q (see [3T] for further details). Continuity of the 
coaction jb ensures that B x r Q is a C*-subalgebra of C(B (g 7?). 

Let B be a C*-algebra with a G-coaction 73, and let £ be a (right) Hilbert 
B-module. A coaction on £ is a linear map 75 : £ —> Ai(£ (g (?) := £(£? (g 5, £ (g 5) 
satisfying: 

(1) 7f(£ • b) = 7£(07b(6) for all £ € £, 6 € B; 

(2) 7£(0*7£(»?) = 7b«£|»?)b) for all g.^efj 

(3) 7£ is nondegenerate, meaning that spaiyys(£ ){B ® Q) = £ ® Q; and 

(4) (7g (g id) o 7 £ = (id (g A) o 75 (this equation makes sense by nondegeneracy) ; 

If the underlying coaction 73 of Q on B is continuous, we also say that £ is a Hilbert 
B, (5-module. Notice that in this case we have span(7g(£)(l (g £/)) = £ ®Q. If, in 
addition, span((lg (g G)je(£ )) = £ (g 0, we say that a coaction 75 is continuous 
(this is not automatic, even if 73 is continuous). The theory of coactions on Hilbert 
modules has been developed in [5] and this is our main reference on the subject. For 
a coaction on £ , there is a canonical induced coaction "f/c(£) on the C*-algebra K,{£) 
of compact operators on £ satisfying 7k:(£)(I0( 7 ?I) — 1 'f(07f (v)* where \£,)(v\ € 
fC(£) denotes the compact operator defined by ICX^KC) : = £,( 7 1 I Ob- If 7f is 
continuous, so is 7ac(£)- For a Hilbert B, ^/-module (£,7^), we define: 

£ x r (f := span(7 £ (£)(l B (g^ c )) C C{B®H,£®H). 

Here we are using the embedding Q C(H) to view M(£ ® G) as a subspace of 
M(£®fC(H)) = C{B®H,£®H). Observe that £ x r Q° C C G {B®H,£®H) is 
a concrete Hilbert B y\ r G -module (as defined in [531 Section 5]). Moreover, the 
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map £ ® a; i-> 7f(£)x yields a canonical isomorphism £ <g) (£? x r ^ c ) = £ *r • If 

7b 

7£ is continuous, then £ x r C? = span((l£(£) ® £/ )7e(£)) and we have a canonical 
isomorphism /C(£ x r Q") = JC{£) X r C? . 

Let £ be a Hilbert i?-module with a coaction 7g of Q. Given uj E Q* and 
£ E M(£) we define 

(2.1) w*£:=(ide<8w)(7 £ (0). 

This gives A4(£) the structure of a Banach left <?*-module. Here we use the canoni- 
cal Banach algebra structure on Q*: uj-9 :— (w®S)oA. In particular, A4(£) is also 
a Banach left L 1 (^)-module (this is a suitable Banach subalgebra of Q* isomorphic 
to the predual of von Neumann algebra Q" C C(H); see Section H] below and [21] for 
the precise definition). But even if £ E £ and u; E L 1 (5), it is not true, in general, 
that u * £ E £. However, if £ is a Hilbert B, C/-module, that is, if 73 is continuous, 
this is true and in this case the left action (|2.ip turns £ into a nondegenerate Ba- 
nach left L 1 (^/)-module, that is, spa,n(L 1 (Q) * £) = £. This is related to the notion 
of weak continuous actions defined in [3] . 

3. Review of square-integrable coactions 

In this section we review the main results concerning square-integrability for 
coactions of locally compact quantum group as studied in [5]. Throughout we fix 
a locally compact quantum group Q and denote its left Haar weight by ip. As in 
the previous section, we fix a GNS-construction for ip of the form (H, l, A) , where 
1 denotes the inclusion map Q £{H). 

Definition 3.1 (Definition 5.7 in [8]). Let £ be a Hilbert B-module with a coaction 
7 £ of Q. We say that £ E M{£) is square-integrable if je{0*(v ® 1) € M(B ® Q) 
belongs to the domain of ids ® A for all ij E £. We write M(£) S i for the set 
of all square-integrable elements of M(£), and £ S i for the set of square-integrable 
elements of £. We say that £ (or the coaction 75) is square-integrable if £ s i is dense 
in £ . 

If A is a C*-algebra with a coaction ja of G, we may view A as a Hilbert A- 
module in the usual way, and therefore speak of square-integrable elements and 
coactions in this case. It turns out that in the case of C*-algebras one can give 
a slightly different description of square-integrable coactions in terms of integrable 
elements: an element a E A + is called integrable if 7,4(0) E dom(idyi <g) <p). An 
arbitrary element (not necessarily positive) a E A is said to be integrable if it 
is a linear combination of positive integrable elements. We write Af for the set 
of positive integrable elements and A\ = spanAr 1 " for the space of all integrable 
elements. This is a hereditary *-subalgebra of A. Moreover, a E A is square- 
integrable if and only if aa* E Af . The coaction is called integrable if A- x is dense 
in A (or equivalent, if Af is dense in A + ). This is equivalent to square-integrability 
of ja if A is considered as a Hilbert A-modulc as above. More generally, if 7^ is a 
coaction of Q on a Hilbert £?-module £, and "fic(£) denotes the induced coaction of Q 
on JC(£), then an element £ E M.{£) is square-integrable if and only if |£)(£| E 1C{£) 
is integrable (see Proposition 5.20 in [5]). 

Square-integrable Hilbert B, ^-modules are characterized by the existence of 
sufficiently many adjointable C/-equivariant operators £ — > B (g) H . We are going to 
explain how we can construct such operators in what follows. 

Let £ be a Hilbert B-module with a coaction 75 of Q and suppose that £ E 
A^(£) s i. Then the equation 

(3.2) («to:=(id B ®A)( 7 £(£rfo®l)) 
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defines an adjointable operator : £ — > B ® H (see [HI Lemma 5.17]). For all 
b e B and x € dom(yj), we have 7 f(£)(fr ® s) € dom(idf ® and the adjoint 
operator := is given by the formula 

10) (& ® A(x)) = (ide ® y>) ( 7e (0 (6 ® x)) 

for all 6 € B and x £ dom(y>). Here we are using the (unbounded) slice map idg ® 
(p.: dom(id£ (£> cp) C .M(£§Dg) — > M.{£ ) induced by 93. One way to define this is pass 

to the linking algebra L(£) = ( f > | ) S /C ( £eB) of., consider the (already 

defined) slice idi(£) ® dom(idi(£) ® <ys) C M{L{£) ®Q) — » A4(£) and taking the 

"upper right corner" to get the slice idf ® in such way that dom(idL(£) ® </?) = 
( dom(id K(f } dom(id f *>) \ , / id K(£) ® id, ® p \ 

^ dom(id £ » ® 9?) dom(id s ®^) / Mfc} ^ y id £ « ® 93 id B ® <p / 

The slice idf* ® ^ defined in this way is an unbounded linear map from a suitable 

domain dom(id £ . ® <p) C £(£ ® 0, B ® (?) to £(£, B). 

Similarly, one can construct the slices id £ ® A: dom(id£ ® A) C .M(£ ® g) — > 

M(£®H) and id f . ® A: dom(id £ - ® A) C £(£ ® g, B ® (?) -> £(£,B®B) of A 

/ idrrgi ® A id £ ® A \ 
m such way that id L(£ ) ® A = . , w . . , . . 

J \ id £ . ®A id B ® A y 

Defined in this way, an element AT £ £(£<£> Q , B (g) Q) belongs to the domain of 

id £ » ® A if and only if X(rj ® 1) belongs to the domain of ids ® A for all 77 G £ , and 

in this case 

(3.3) (id 5 . ® A)(AT)?7 = (id B ® A) (AT (77 ® 1)). 

In particular, £ G .M(£ ) s i if and only if r ys(£,)* G dom(idf • ® A), and in this case 

(3.4) «£| = (id f *®A)( 7f (0*). 

Example 3.5 (See also Example 5.16 in [5]). If Q is a compact quantum group, 
that is, if the Haar weight tp is bounded, then every Hilbert B-module £ with a 
coaction of Q is square- integrable. Given any £ g .M(£) the adjointable operator 
€ C(£,B ® B) can be described as follows: observe that A(x) = A(x • 1) = 
xA(l) = x(#i), where 1 is the unit of Q and Si := A(l). More generally, the map 
ids ® A is given by 

(id B ® A)(x) = x(id B ® A)(1 B ® 1) = x(l B ® £1) 

for all x G A^(B(g) g), where we have identified 7Vf(B®g) C £(B®B). Even more 
generally, the map id £ . <g> A can also be written in the form 

(id f . ®A)(x) =x(le®6 1 ) 

for all x € dom(id£» ® A) = C{£®Q,B®Q), where lg denotes the identity operator 
on Thus ls®5\ is an element of £(£ )®B C C(£,£®H). Here we are identifying 
£(B®g,£(g)B) =X(£®g) C\M{£®K[H)) = £{B®H,£ ®H) and therefore x 
is considered as an element of £(£ <S> G , B (g> Q) C £(f ® B, B ® B). In particular, 
we get 

((£1 = (id f . ® A)( 7£ (£)*) = 7fi(0*(lfi ® «i) 
for all £ € .M(£ ). The adjoint operator € £(B ® B, f ) is therefore given by 

|£» = (l£®*i)7fi(0. 
where Jjf denotes the element of £(B, C) given by Sl(v) = (81 \ v) for all v € B. 

It is useful to keep the group case in mind. As explained in [8l Example 5.14], for 
a locally compact group G, if we consider the corresponding commutative quantum 
group g = Co(G), then the theory of square-integrability specializes to the one 
developed in [53]. In this case, if £ is a Hilbert B, G-module with G action 7, 
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and £ G £ a i, the bra-ket operators are adjointable operators : £ — > L 2 (G,B) = 
B ® L 2 (G) and : L 2 {G, B) ->• £ determined by the formulas: 

(3-6) «£lfa)|t = <7t(OI»7>B for all 77 e t e G, 

and 

(3-7) IO>(/)= / 7t(0/(<)* forall/eC c (G,B)CL 2 (G,i?). 

The next result gives some basic properties of the bra-ket operators and ]£)). 
Given a G* -algebra A with a coaction 7^4 of £/ and an element a € we 
define Ei(a) : = (id^ <p) (7,4(0)) G -M(A). By [3 Lemma 4.10], Ei(a) belongs to 
the multiplier fixed point algebra M.\(A) = {a £ M.(A) : 7.4(a) = a <E> 1}. If a is 
an action of a locally compact group G on A, then £a(a) can be interpreted as the 
strict unconditional integral E\{a) = J™ at (a) dt (see 0|9j[IO] for further details). 

Proposition 3.8. Let £ be a Hilbert B-module with a coaction 7^ of Q . 

(i) If £ M{£) si> thenar)* £M(K(£)) i and \Q){( V \ = E 1 (^ o 77*). 

In particular, if£,r) £ £ S \, then |£)(n| £ JC(£)i and |£))((n| = Ex(\£)(r)\). 

(ii) If££M(£) si andb£M(B), then £ ■ b £ M(£) si and |£ • 6)) = |0)°7b(&), 
where we have identified 75(b) € A4(B ® 5) C £(5 ® iJ). 

In particular, if £ £ £ s i (or even in M.(£) s i) and b £ B, then £ • b £ £ s \ 
and \i- b)) = |0) o lB (b). 
(hi) Let T be another Hilbert B-module with a coaction of Q . If £ G M(£ ) s ; and 
T G C G (£,F), thenTo^£ M(T) si and |To£)) =To 

In particular, if £ G £ s i ana" T £E C?(£,T), then T(£) G J^i and 

|T(0))=To|0). 

(iv) IfT £M(K(£)) si and££M{£), then T o £ £ M{£) si and 

|To0> = |T»°7fi(0- 
/n particular, if T £ JA(jC(£)) . and £ G £, i/ien T(£) £ £si and 

|T(0» = |r»°7fi(0- 

More generally, if n : A — > C{£) is a Q-equivariant nondegenerate *- 
homomorphism, where A is a C* -algebra with a coaction of Q , then for all 
a £ M{A) s i and ^ £ M{£) we have 7r(a) o £ e A4(£) s i and 

Itt(o) o 0) = |7T(a)» 7 £(0 = ® id ff -)(|a») o 7f (£)• 

(v) If££M(£) si andri£M(£), then £ o n* £ M(lC(£)) si and 

\^V*)) = \0)°le(vT- 
In particular, if £ £ £ s i and r\ £ £ , then |£)(?7| G K.(£) s i and 

ll£)M» = IO>°7 £ (r?)*- 
In (iv) and (v) we are viewing M{£ ® Q) — C(B ® Q,£ ®Q) as a subspace of 
C(B <g) H,£ (g) iJ) and (hence) also £(£ <S> Q , B <E> (?) as a subspace L(£ ®B,B® H) 
using the representation Q <—t C(H). In (iv) we also use the canonical isomorphism 
C(£,£ ®H)^ £(£(£), K.(£)®H). 

Proof. Using the dehnition (13.21) of the bra-operators or alternatively its de- 
scription in Equation (|3.4I) . essentially all assertions will follow from properties of 
the slice map ids (g> A described in [501 Propositions 3.18,3.27,3.38], or alternatively 
the corresponding properties for the slice id£* <g> A (which can be derived from the 
properties of ids ® A using the linking algebras). So, for instance, the property: 

(id B ® A) (a;)* (ids ® A)(y) = (id B <S> <p)(x*y) for all G dom(id B <Z> A) 
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(which is proved in [20, Proposition 3.18]) has a corresponding analogue for idg. 'X 1 A: 

(idg* ® A) (a:)* (idg. ® A)(y) = (id B ® <p){ x *y) for all x,y E dom(idg» ® A). 

This together with Equation (|3.4j) yields item (i). Similarly, (ii) follows from: 

(idg. O A)(acy) = x ■ (idg. ® A)(y) 

for all x G JA(B<&G) C £(B®H) and y £ dom(idg* (8) A), which is also an extension 
of the corresponding property of ids<g>A proved in [20, Proposition 3.18]. This same 
result (applied to the linking algebra of £) also yields: 

(idg. ® A)(a;y) = x • (id K{£) ® A)(y) 

for all £ G £(£ ® G,B ® G) C £(£ ® H,B ® H) and y G dom(idK;(£) ® A) C 
.M(/C(£) ® 0) ^ £(£ <g> 0); and also 

(idg. ® A)(a;y) = at • (idg. ® A)(y) 

for all x G £(£ ® G,B ® G) and y G dom(idg» ® A) C £(£ ® Q,B ® G)- These 
properties then imply the first part of (iv) and (v). The second part in (iv) also 
uses: 

|7r(o))) = (7r<g)idff.)(|a)}) for all a G M(A) si . 

This holds whenever 7r: A — > .M(-B) is a nondegenerate *-homomorphism which is 
equivariant: 7b(7t(o)) = (7r® id) (7^1(0)). In fact, by Proposition 3.38 in [20] . which 
implies that for all X G dom(id J 4 ® A), one has (tt ® id)(X) G dom(ids <8> A) and 
(id B ® A)((tt ® id)(A)) = (tt ® id H )((id A ® A)(X)). Hence, 

«7r(0| = (id B «8A)(7 B (7r(0r) 

= (id B ® A)((7T<g>id e )7 A (0*) 
= (7r®id H )((idA® A)( 7A (0*)) 
= (7r®id fi )(«e|). 

Since (7r <g) id#)(x)* = (71- £g) id#. )(x*), it also follows from this equation that 

|7r(0» = (7r®id ff .)(IO». 

Finally, item (iii) follows from the C/-equivariance of T: 7;r(T£) = (T ® l)7g(£), 
and the equality: 

(idjr. ® A)(a;(T ® 1)) = (idg. ® A)(at)T 

which holds for all x G dom(idf» ® A) and T G £(J-,£) - this implies x(T ® 
1) G dom(idjr» ® A). In fact, using linking algebras, this last property follows 
from the corresponding property for slices only involving C*-algebras as proved in 
[201 Proposition 3.27]. □ 

Let (£,7g)(.B j7B ) be a Hilbcrt i?-module (J-coaction. By [5J Lemma 5.28], if we 
equip A4(£) S i with the so-called si-norm: 

n* ■■=u\\ + \\\o)\\ = u\\ + \\{m = um)\\ i + Hm)\\K 

then A4(£) s i is a Banach £ s (£), _M(£>)-bimodule, that is, A4(£) s i is complete with 
respect to || • || s ; and for all £ G £ S i, T G C Q {£) and b £ B, we have 

ra 8i <||T||||C|| si and ||^|| si < ||£y|&|l- 

Moreover, £ S j is a closed submodule of .M(£) s i and hence also complete in its own. 
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Remark 3.9. Suppose that Q is a compact quantum group. We already know (see 
Example I3.5[) that in this case every Hilbert B-module £ with a coaction of Q is 
square-integrable. By Proposition 13. 8f i) . we have 



man 2 - \\\mt\\\ = < \w\\\\t\\ 

for all i £ £ si = £. Thus ||£|| < ||£|| si < (1 + |M|)||f||. Therefore the si-norm and 
the norm on £ are equivalent. 



Consider a Hilbert B- module £ with a coaction j£ of Q. The bra-ket opera- 
tors G C(£,B ® ff) and € C(B ® iJ, £) are 5-equi variant, for any square- 
integrable element £ in £. In order to turn this into a precise statement, we have 
to define a (/-coaction on B <Ei H. The coaction that works is a kind of balanced 
tensor product of the coactions jb on B and a coaction on iJ which comes from 
the left regular corepresentation W of Q (this is a unitary multiplier in M.(G ® £/), 
where £/ C £(i?) denotes the dual of G, and hence may be viewed as a unitary 
in C(Q <X> -ff); see [2T] for the precise definition of W). More precisely, this is the 
coaction jb®h of Q ox\ B ® H defined by the formula: 

(3.10) 7s®ff(C) := (l®£W)(7n®id)(0 -^23^23(75® id) (C), (eB®H, 

where S : (? ® if if ® Q is the flip operator. Recall that WE = EW*, where W 
is the left regular corepresentation of the dual of Q. If we consider B = C with the 
trivial coaction of Q, then we get a coaction of (/ on H given by 



The above coaction on J5 £5 if is one of the basic examples of a square-integrable 
coaction. In a similar way, there is a canonical ^-coaction on the Hilbert f?-module 
£ ® H which is always square-integrable (for any coaction on £). 

The Kasparov Stabilization Theorem relates square-integrability of a given coac- 
tion with B (g> if: 

Theorem 3.11 (Kasparov's Stabilization Theorem, Theorem 6.1 in [5]). Let 
B be a C* -algebra with a coaction jb of Q and let £ be a countably generated 
Hilbert B-module with a 73- compatible coaction of Q . The following statements are 
equivalent: 

(i) £ is square-integrable; 

(ii) IC(£) is integrable; 

(iii) £ © Hb — T~Lb as Hilbert B, Q -modules; 

(iv) £ is a Q -invariant direct summand of Hb- 



Let £ be a Hilbert B, (/-module. If £ € £ s i and u> <E L 1 (Q), then it is natural to 
ask whether cj * £ G £ sl . However, if Q is not unimodular, that is, if the modular 
element is not trivial, then some problems appear. Let us analyze the group case 
G = Cq(G), where G is some locally compact group. Suppose that 75 corresponds 
to an action 7 of G on £. Then for a function u £ L 1 (G), the element uj * £ e £ is 
given by 



7ff (77) = SW(1 <8 »?) = WE* (77 (8) 1) = W*(r) ® 1), 77 e if. 



4. The L 1 
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Thus, for all / £ C C (G, B), we have 

|w*0)/= / / lst(Of(sMt)dtds 
Jg Jg 

JG JG 

= IOX/*w). 

where (f * w)(t) := J G f(s)uj(s^ 1 t) ds — f G f(ts~ 1 )5G(s)~ 1 uj(s)ds, where 8g de- 
notes the modular function of G. If u satisfies J G So{t) | dt < oo, then 
the map p w := [j h> w] defines a bounded operator on L 2 (G) with \\pu>\\ < 
J G M*)~*N*)l d * (S3 Theorem 20.13]). Note that f*w = (1 B <g> p u ){f). Thus, 

_ 1 

if £ G £ s i and uj € ^(G) satisfies 5 g 2 uj £ then u; * £ £ £ s i and 

|w*0> = IC)>(ls®Pc). 

The hypothesis <5 G 2 o; e i 1 (G) is essential here in order to define the operator p w . 
In fact, if G is not unimodular, then there are functions cj £ L l (G) and 5 € L 2 (G) 
such that g*uj(£L 2 (G) (see [El 20.34]). 

In order to generalize the results above for a general locally compact quantum 
group Q, we shall need the modular element. As usual the proof in the quantum set- 
ting is much more technical. Let us recall that the modular element of G, denoted 
by S, is a strictly positive operator affiliated with Q (see [T3J[3TJ for a precise defini- 
tion) such that <r t (5) =v t 8 for alH £ M. and ip = tp$ (see [H]), where -0 is the right 
invariant Haar weight, {(T s } se K is the modular automorphism group of tp and v is 
the scaling constant of Q. We also recall that A(<5) — d <8> 6 ([2TJ Proposition 7.9]). 
Roughly speaking, the relation tp = <fi$ means that ip(-) = tp(5? ■ 5%) and one can 
define a GNS-construction for ip of the form (H, t, T) from the GNS-construction 
(H, 1, A) for tp satisfying T( • ) = A( • 6* ) (see [19 for more details). 

For each n £ N, we define 

(4.1) e„ := / exp(-n 2 t 2 ) ( 5 it dt. 

v n Jr 

These elements behave very well with respect to the modular element. For instance, 
they commute with any power of 5 and a y (e n )5 z = S z a y (e n ) for all n £ N and 
y,z £ C (see [TH1 Proposition 8.2] for further details). 

We shall need a generalization of Proposition 1.9.13]. This result says that 
for all a £ dom(A), u £ dom(<$2) and v £ H, we have (id <g> w Uit) )A(a) £ dom(A) 
(where w„,„ is the vector functional defined by uj u _ v (x) ■= (u\xv)) and 

(4.2) A((id<8)w u ,„)A(a)) = (id®w 1 )(F)A(a), 

where V is the right regular corepresentation of G, which is determined by: 

(4.3) V(T{a) <g) 1) = (r <gi id)(A(a)) for all a £ dom(r). 
or, equivalently, 

(4.4) (id ®uj)(V)T(a) = r((id®a;)A(o)) for all a £ dom(r) and w G £(#)*. 

The proof in [30, Proposition 1.9.13] can be easily generalized to slices with 95 
and yields: for B a C*-algebra, a; G dom(ids <Ei A), it G doings ) and v £ H, 

(4.5) (id B 03 id g <8> cj„ :t ,) ((id B 03 A) (a)) G dom(id B 03 A) and 
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(4.6) (id B ® A) ((ids ® id e ® w„,„)((id B ® A) (a;))) 

= (l s ® (id K(H ) ® w 5 i u ^)(y))(id s ® A)(x). 
We are now ready to prove the main result of this section. Define 
Lqo(^) : — span{w„ !t , : u £ H,v £ dom(o~2)} 

Note that £qo(^) i s a dense subspace of = span{w Ui „ : u,v £ H}. Moreover, 

L X (Q) is the predual of the von Neumann algebra Q" C generated by 5, and 

since this is in standard form (see ([551 10-15])), we have ^(Q) — {uj UtV : u, v G i?} 
(see V.3.15]). Thus the essential difference between Lq (Q) and L X {Q) lies in 
the difference between doings) and -ff. In particular, if Q is unimodular, then 
Lq (G) is equal to -£/ 1 (5)- We also define a map 

p : Lj (a) -> £(#), p Ua<v := (id ® ^^)(F*) 

for all u,£ H and v £ dom(5i), and extend it linearly to Lq (Q). Note that if Q is 
unimodular, then p^ = (id ® uj)(V*) for all w € ^(Q). 

Proposition 4.7. Let £ be a Hilbert B,Q-module. Then, for all £ £ £ 8 ; and 

a; G Lq O (0), we /ia«e and 

|w*0> - »/>«)• 

In particular, \\u * £|| si < |M| p ||£|| s i, w/iere ||w|| p := max{||w||, ||p w ||}. ffere ||w|| 
denotes the norm of uj in L 1 ^) and \\p u \\ denotes the norm of the operator p u £ 
C{H). 

Proof. We may assume that uj — uj UiV , for u £ H and v £ dom(55). We have 
7f(w*£) =7s(( id £ ®w)7g(f)) 

= (idf ® id g (g)w)((7 £ ® id e )7f (£)) 
= (id f ® id g ® w) ((id £ ® A) 7f (0) • 

Hence 7f (w * £)* = (idf* ® idg; ® w 1 , iU )((idf* ® A)7f (£)*). Since £ € £ s i we have 
7f (£)* € dom(idf » ® A) and hence, by (|43|) and (ITdT) . 7f (uj * £)* £ dom(idf . ® A), 
that is, w * £ G £ S i and 

= (idf. ® A)( 7 f(u;*0*) 

= (idf. ® A) ((idf. ® id g ® )((idf. ® A) 75 (£)*)) 

= (id K(Jf) (8)w 4iuiU )(y))(id £ . ® A)( 7£ (0*) 

= (1b® (idx;(H)«)^J(y))((C|. 

The formula |w * £)) = |£))(1b ® Pw) now follows by taking adjoints. □ 

If Q is unimodular, then £ s ; is actually a Banach left L 1 (tJ)-module. In order 
to obtain a Banach left module also in the general non-unimodular case, we define 
following subspace of L X {Q\. 

L\{Q) :={cj£L 1 (g):Siu J £L 1 (g)}, 

where (5^oj)(x) := uj(x5^) for all left multipliers x of ji. The condition S^uj £ 
L X (Q) means that there is 9 £ ^(Q) such that 0(x) = u>(x8 2) for all left multipliers 
x of 5 2 , and in this case we put S^uj = 6. 

Proposition 4.8. Lq(Q) is a subalgebra o/L 1 (C/). 
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Proof. Take £a>i,o> 2 € L\(Q). Then, for every left multiplier x of 8^ , we have 
(wi • w 2 )0<5^) = (wi ® w 2 )(A(z<^)) 

= (cji ®oj 2 )(A(a;)(55 ® 55)) 

= (<5^cji (g) (5^w 2 )A(;r) 

= ((SioJi) ■ (S^lu 2 ))(x). 
Thus 5^(uj\ ■ UJ2) € L X (Q), that is, wi ■ w 2 G Ll(Q), and 

(4.9) #2 (wi • w 2 ) = (S^ui) ■ {8*0)2). □ 

Now define the following norm on Lq(Q), 

\\u\\ := max|||w||, ||<5^||| . 

Proposition 4.10. The space Lq(Q) endowed with the norm \\ ■ ||o (and the product 
o/L 1 (^)) is a Banach algebra. 

Proof. By Equation (|4.9[) . we have 

\\ui ■ uj 2 \\o < ||wi||o||w 2 ||o 

for all u>i,u)2 € Lq(Q). Thus all we have to prove is that L\(Q) is a Banach space 
with the norm |j ■ ||q. Take a Cauchy sequence (u)„) in Lq(Q) (with respect to || • ||o). 
Then, by definition of the norm || • ||o, both (u> n ) and (8*u> n ) are Cauchy sequences 
in ^(Q). Let ui and be the respective limits in ^(Q). Then, for every left 
multiplier x of 8 2 , we have 

(<5'a;)(x) =w(a;(5^) = lim uj n (x8^) = lim 5'a; n (a;) = 9(x). 

n— >oo n— foo 

Hence J^aj = 6 E ^(Q), that is, w g Lq(Q), and therefore ||cj„ — w||o — >• 0. □ 

Note that Lq (Q) is contained in Lq(Q). If fact, if u € L 2 (G) and i; € dom(<55) ; 
then 

(4.11) <5 3 w-u v (x) — uj u v (x8%) = (u\x8^v) = uj i (x) 

for every left multiplier x of #3. This means that J'Wu „ = to i G LVC?). 

Proposition 4.12. TTie subspace Lq (Q) is dense in Lq(Q) (with respect to || • ||o). 

Proof. Let u £ Lq(Q). Then cj € i 1 (^/) — the predual of the von Neumann 
algebra which is in standard form, so that there exist u,v € H such that u) — 
u) u ,v Take a sequence (ilk) C dom(($2) such that — > w, and define tj„ ^ :— e n Vk 
(where e n are defined as in Equation (|4.ip ). Since e n commutes with 8 a, it follows 
that w ni fe e dom((52 ). Observe that ui u ,v„ tk € L\ (Q) for all n, fc € N. Since — » t> 
as n, fc — > cxd, we have Wu,i;„ fc — > oj u , v hi ^(Q) as n, fc — » oo. Now note that 

||^w„ iOBjfc -£ 3 w u ,»|| = ||5^ U) e B01l -£ 3 w Ui „|| 

< \\5* e n u> v ,v k ~ 8%e n u UyV \\ + \\S^e n uj u ^ - 8%u) UtV \\. 
For the second term above, we use e n 8^ — 8^e n to get 

\\8^e n uj u . v — S^Lo u . v \\ — \\e n 8^io — 8^lo\\ — >■ 0, as n — >■ oo 
For the first term, note that, for each fixed n, we have 

W5' e n u>u, Vk - 8^e n ui u , v \\ -> 0, as fc -> oo. 
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Thus we can find a sequence (k n ) of natural numbers such that k\ < k% < . . . and 

\\5'e n cj UiVk - 5ie n uj u ^\\ < 1/n. 
Finally, defining v n :— u n ,fc n , we conclude that w„ := uj u<Vn G Lqq(G) and 

||<5^a; n — < 1/n + \\e n S^uj — 8^uj\\ -» 0. 

Therefore ||w„ — w||o < \\u) n — + ||<5^w„ — <5"i || — > 0. □ 
Define 

p : Lj(0) -> £(£0, := (id (8 **w)CO- 

Note that p is, in fact, an extension of the map p : L} )0 (Q) —> C(H) previously 
defined, so that there is no problem of notation. 

Proposition 4.13. The map p : Lq(Q) — > C(H) is an injective, contractive, algebra 
anti-homomorphism whose image is dense in Q . 

Proof. Consider the opposite Q P of Q. The left regular corepresentation W op of 
g° P is equal to EV*T, (see [HI Proposition 1.14.10]). It follows that 

p(oj) = (id® 5*u)(y*) = (8?uj<g>id){W op ) = A° P (<^w) 

for all to G Lq(Q). Since L X {Q P ) equals the opposite algebra of iMCj), we get 

p(wx ■ lj 2 ) = A P (8 2 (wi • L0 2 )) 

= A° P • 

= A op (<55w 2 )A° P (5^wi) 

= p(u) 2 )p(u>i). 

Thus p is an anti-homomorphism. Note also that ||/o(o;)|| < || <ji t*j 1 1 < ||w||o. Hence 
p is contractive. If p{uS) — \ p (S^uj) = 0, then S^uj = because A P is injective. 
This implies uj(x8^) = for every left multiplier x of 8 2. Taking x = ye n 8~z 
we get uj(ye n ) = for all n G N and y € G and hence w = because e„ — > 1 
strictly. Therefore p : L\{Q) — > £(-ff) is an injective, contractive, algebra anti- 
homomorphism. 

Finally, note that = A° P (8^Ll(Q)) C = 0°. Since con- 

tains £2 which contains elements of the form uj 1 , where u G H and 

v G dom((52 ), and since such elements span a dense subspace of i 1 (tj), we conclude 
that p(Lj(C/)) is dense in 5° as well (the image of A° P is dense in Q op =Q°). □ 

The next result implies that £ s i is a Banach left LQ(t/)-module. 

Proposition 4.14. Let £ be a Hilbert B,Q -module. If uj G Lq(Q) and £ G £ S i ; ^en 
w G £ s i and 

|w*0> - I0)(1b®p«). 

In particular, \\uj * £|| s ; < ||w||o||£||si for all £ G E s i o.nd uj G Lq(Q). 

Proof. Let (w n ) be a sequence in £g ((?) converging to uj (with respect to || • ||o). 
In particular, uj n — > u> in £ 1 (^), and hence ui n * £ — > w * £ in £. Since p W7i — > 
we also have 

= lOXifl®^) ->■ 10) (!*»/>«)• 

This implies that (w n *£) is a Cauchy sequence with respect to || • || S i- By Lemma 5.28 
in [5], this sequence converges to some n G In particular, uj n * —> i] in £. It 
follows that uj * £ — n G £ s i- Moreover, 

|w * 0) = = lim |w w * 0) = lim I0)(1b ® A-») = I0)(ls ® A,). □ 
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Remark 4.15. Let us return to the group case, that is, Q = Co(G), where G is 
some locally compact group. There is a small difference of convention with respect 
to the modular element 8 of Q = Cq(G), in the sense that it is not given by the 
modular function Sq of G, but by its inverse, that is, by the function t h-> Soft) -1 
(see comments after Definition 1.9.1 in [30]). It follows that Lq(Q) corresponds to 

Lj(G) = {a; G L\G) L l {G)}, 

where • denotes pointwise multiplication. Given oj G Lq(G), the operator p u G 
£(L 2 (G)) corresponds to the operator given by right convolution with w. Thus, for 
groups, Proposition 14.141 says exactly what have already seen in the beginning of 
this section. 

Before finishing this section, we want to related co-amenability of Q (as defined 
in [B]) with the existence of bounded approximate units for Lq(Q). 

Proposition 4.16. The Banach algebra Lq(Q) has a bounded approximate unit if 
and only if Q is co-amenable. 

Proof. Suppose that Q is co-amenable. Then one can find an approximate unit (u>i) 
for L}{Q) = M* consisting of normal states, where M := Q" (see [HI Theorem 2]). 
Since M is in standard form, each u>i has the form u>i = oj^.^ , where £j G H are unit 
vectors. By the Banach- Alaoglu Theorem, we may assume (by passing to a subnet, 
if necessary) that u>i(x) — > e(x) for all x G M, where e G M* is some state whose 
restriction to Q is (necessarily) the counit of Q (see the proof of [SJ Theorem 3.1]). 
In particular, 

e(x) = lwau)i(x) = lim(£j \x£i) for all x G M.{Q). 

i i 

Let e G A4(G) with e(e) = 1. We claim that \\eu>i — Ui\\ — > 0. In fact, recall that 
e is a *-homomorphism. Thus 

Hi - 6II 2 = (6 I e*e£i) - (& | e*&) - (& \ e&) + 1 -> e(e*e) - e(e*) - e(e) + 1 = 0. 
Hence 

Hewj - oji\\ = Wwfaeti ~ wti&W < ||e& - 611 -> 0. 

Note that this implies that (ewj) is also a (bounded) approximate unit for i 1 (^). 
Now suppose, in addition, that e is a right multiplier of 8? (for instance, one can 
take e = e n defined by Equation (|4.1j) . for any n G N). Then, for all oj G L 1 ^), we 
have ew G £o({?) an( i 

|| eW ||o<max{|| e ||,||^ e ||}|| w ||. 

In other words, uj H> eoj is a bounded linear map i 1 (CJ) — > L\{Q). Note that 
e(j2e) = 1 (this follows from the relations A(<5) = 8 ® 8 and (e <g) id) o A = 
id). From the claim we have just proved above (applied to S^e), it follows that 
||c)2ewi — > and therefore (S^eoji) is also a (bounded) approximate unit 
for L 1 ^). To complete the proof, we show that the (bounded) net (ecjj) is an 
approximate unit for L\(Q). In fact, by Equation (|4.9[) and the fact that the nets 
(euii) and (S^eoJi) are approximate units for i 1 (C/), we get 

\\(eu)i) ■ oj - oj\\q < \\{euji) ■ oj - oj\\ + \\(8^eoji) ■ (S^oj) - S^oj\\ -> 

for any oj G Lq(Q). Analogously, \\oj ■ (eoji) — oj\\q — > for all oj G Lq(Q). □ 
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5. Relative continuity and generalized fixed point algebras 

Throughout this section we fix a locally compact quantum group Q. We also 
fix a Q-C* -algebra B, that is, a C*-algebra B endowed with a continuous coaction 
7s : B — > M(B <S> G) of Q. Recall that the reduced crossed product is the C*-sub- 
algebra of LiB <g) H) defined as the closed linear span of operators of the form 
7s (b) (1 ® x) with & g B and i 6 § , It is easy to see that these operators are 
equivariant with respect to the coaction on B <g> H defined in Equation (|3.10[) . In 
other words, By> r Q is a C*-subalgebra oiC G {B®H), the space of all Q- equivariant 
operators on B (g) H . 

Now let £ be a (/-equivariant i?-module (henceforth also called a Hilbert B, Q- 
module), meaning a Hilbert B- module equipped with a (/-coaction compatible with 
7b. Recall that, given £,77 € £ s j, the bra-ket operators ((£|??)) := ((CI |??)) (that is, 
the composition of the operators ((£| £ C(£,B ® -ff) and |r/)) G £(£> ® H,£)) live 
in £(J3 ® iJ). These operators are also equivariant, that is, ((£ | 77)) € C Q (B ® H). 
Therefore it is natural to ask whether ((£ | 77)) € B X T Q . This turns out to be a 
crucial question and is therefore turned into a definition: 

Definition 5.1. Let B be a C/-C*-algebra, let £ be a Hilbert B, (/-module, and 
suppose that £,77 € £ s j. We say that the pair (£,77) is relatively continuous, and 
write £ ~ 77, if ((£ 1 77)) £ B x r (/ .A subset 1Z C £ si is called relatively continuous if 
£ ~ 77 for all £, 77 £ 1Z, that is, 

((K\K)) :=mr 1 )):^r 1 £n}CBx> i g C . 

For a relatively continuous subset 1Z of £, we define the following subspaces: 

F(£,1Z) := spnflft)) oBx^'jC C(B®H,£), 

X(£,n) :=span(B x r {T o ((ft|ft)) o B x r {T) C B x r (f , 
and the generalized fixed point algebra 

Fix(£,ft) := span(|^)> o B x r Q° o ((ft|) C £(£). 
We say that 1Z is saturated if I(£ , 1Z) = B x x Q . 

Remark 5.2. (1) Relative continuity was first defined by Exel [TU] in the case 
of Abelian groups and was generalized to non-Abelian groups by Meyer in [2"3] . 
Our definition generalizes Meyer's definition to quantum groups. Exel's definition 
involves integrable elements instead of square- integrable elements as above, but this 
turns out to be essentially equivalent (see [7]). 

(2) Relative continuity is not an equivalence relation. For instance, it is not 
true, in general, that £ ~ £. Of course, it is a symmetric relation, that is, if £ ~ 77, 
then rj ~ £. Note that it is not transitive, that is, the conditions £ ~ 77 and 77 ~ £ 
do not imply that £ ~ £ because we always have £ ~ and ~ £. 

(3) Observe that we are assuming continuity of the coaction of Q on B (because 
this is necessary to define the reduced crossed product B X r Q ), but we do not 
assume that the coaction of Q on £ is continuous. The reason for this is that the 
coaction on H (or more generally on B <£> H) is not continuous in general, except if 
Q is regular; and this coaction will turn out to be the most important example in 
order to develop the theory. 

(4) Let £ be a Hilbert -B, (/-module, and assume that 1Z C £ is a relatively 
continuous subset. It is clear from the definition above that I(£,1Z) is an ideal of 
A := B M r <T and Fix(£,ft) is a C*-subalgebra of £(£). Let J 7 := F{£,1Z). Since 
((ft I ft)) C A, we have 

(5.3) span |7£)) C J 7 . 
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In fact, let (ej) be an approximate unit for A. If T is an operator on B ® H such 
that T*T e A, then we have 

\\Tet - T\\ 2 = \\e i T*Te l - e{T*T - T*Te t + T*T\\ -> 0. 

Note that, by definition, we have 

(5.4) 1(8,11) = span J"* o J" and Fix(£,ft) = span F o J 7 *. 
In particular, we get 

(5.5) spm.{{n\Tl)) C1(£,K) and span C Fix(£, TZ). 

We are going to see later that the inclusions (|5.3[) and (|5.5p become equalities if we 
impose more conditions on TZ. 

Proposition 5.6. Let £ be a Hilbert B,Q-module, let TZ C £ si be a relatively 
continuous subset and denote A :— B x r Q . Then J- := J-(£,TZ) C CP(B ® H,£) 
is a concrete Hilbert A- module (as defined in [231 Section 5] in the group case), 
meaning that J- o A C T and J-* o J 7 C A. Moreover, ifTZ is dense in £, then J- is 
essential in the sense that span F(B <g> H) = £ . 

Proof. Since A C C Q (B ® iJ), and since the bra-ket operators are C/-equi variant, 
we have F Q C Q (B ® H,£). From the definition of J 7 , it is obvious that J 7 o yl C J 7 
and J 7 * o J 7 C A, and hence J 7 is a concrete Hilbert ^-module. Now, suppose that 
TZ is dense in £. Since A is a nondegenerate C*-subalgebra of C(B <E> H), we have 
A(B (g) H) = B (g) H . And since TZ is dense in £, Lemmas 5.17 and 6.2 in [5] imply 
that span \TZ)) (B <g> fT) = Therefore 

span(j 7 (B ® H)) = span(|ft)) o A(B ® H)) = span(|^)) (B ® ff)) = 

Hence J 7 is essential. □ 

Proposition 15.61 and Equation (|5.4[) show that Fix(£,7£) is contained in C^(£). 
Since C s (£) is (under the canonical identification £(£) = A^(/C(f ))) the multiplier 
fixed point algebra Mi(lC(£)) = {x e A^(/C(£)) : 7jc(£)(:e) = a;® 1}, we see that the 
elements of Y\x(£,TZ) are fixed by the coaction of 1C(£ ) and Fix(£,7?.) is a C*-sub- 
algebra of M,\(K,(£)) . Note that, by [331 Theorem 5.2] (or rather by its obvious 
generalization to quantum groups), Fix(£,7?.) is a nondegenerate C*-subalgebra of 
C(£) if and only if F(£,TZ) is essential. For instance, this is the case if TZ is dense. 

Proposition 5.7. Let £ be a Hilbert B,Q-module, and let TZ C £ s j 6e a relatively 
continuous subset of £. Then J-(£,TZ) is a Morita equivalence between the general- 
ized fixed point algebra Fix(£, TZ) and the ideal T(£, TZ) in B X T Q . 

Proof. Theorem 5.2 in [23j yields a canonical identification JC(F) = span J 7 o J 7 * = 
¥yx(£,H), where J- := J-(£,TZ). And by definition of the A- valued inner product 
on J 7 : (x | y) := x* o y, we have span{(x|y) J 7 } = span J 7 * J 7 = I(£, TZ). □ 

In the situation above, TZ is, by definition, saturated if and only if T(£, TZ) is the 
entire reduced crossed product B x r Q . Thus, in this case, J-(£,TZ) is a Morita 
equivalence between Fix(£ ,TZ) and B X T G . 

For a locally compact group G, C C (G) is a relatively continuous subspace of 
the G-C*-algebra Co(G) endowed with the translation action a*(/)| s = f[st) for 
all t,s G G and / € Co(G). This action is equivalent to the action obtained 
by considering Gq(G) as a quantum group and letting it coact on itself by the 
comultiplication. 

Thus, it is natural to ask what happens in the general case of a locally compact 
quantum group Q coacting on itself by the comultiplication. The comultiplication, 
viewed as a coaction of Q on itself, is always integrable for locally compact quantum 
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group (this is a special case of Proposition 4.20 in [5]), but here is a first place where 
we see a difference between integrability and continuous integrability (meaning the 
existence of a dense relatively continuous subspace) : 

Proposition 5.8. Let Q be a locally compact quantum group and let Q coact on 
itself by the comultiplication A. Then there is a non-zero relatively continuous 
subset of Q if and only if Q is semi-regular. In this case, any subset TZ C Q si is 
relatively continuous (in particular, G sl itself is relatively continuous) and 

F(g, n) = (lg ® h*)w c c(g ® h, g)B 

where Hq := span(C? A(Q1Z*)) C H and W G C(Q ® H) is the left regular corep- 
resentation of Q (see [HJ Section 4] for its definition). In particular, if TZ ^ {0}, 
then 

Fix(0,ft) = Clg = C and X(g,TZ) = W*(l ® K(H ))W ^ K.(H ). 
There is a saturated, relatively continuous subset of g if and only if g is regular. 

Recall that a quantum group g is called semi-regular if the C*-subalgebra C := 
sp&n(gg ) C C(H) contains IC(H) and it is called regular if C = JC(H). 

Proof. Given x G g + , from the left invariance of Lp, it follows that x G dom(</?) 
if and only if A(x) G dom(id ® ip) (see Result 2.4 and Proposition 5.15 in |21j). 
In other words, x G (?; + if and only if x G dom(<y9). Thus, for ^ £ 5, we have 
A(£) G dom(id ® A) if and only if £ G C/ si if and only if G dom(^), that is, 
g si = dom(A)*. Moreover, from gfl Result 2.10] (or also [301 Proposition 1.T2.3]), 
it follows that 

(id® A)(A(ar)) = W*(l® A(x)) for all x G dom(A). 

Therefore, 

(5.9) ((f| = (id®A)(AO = W(l®AO for all £ G S si . 
It follows that 

(5.10) «e 1 r?» =W*(1® \A(C))(A(v*)\)W G W*(1®JC(H))W for all £, r? G &i, 

where, for u,v € H , \u)(v\ denotes the compact operator on _ff defined by |m)(v|(w) = 
u(v\w). 

On the other hand, since A(x) = W*(l ® cc)W and IF G ® 0), it follows 

that 

(5.11) g x r <T = w*(i® c)w, 

where C :— span(C?C? ). Thus the existence of a non-zero relatively continuous 
subset implies C n /C(i7) 7^ {0}. Since C is an irreducible C*-subalgebra of C(H), 
the condition C fl /C(-ff) ^ {0} is equivalent to semi-regularity (see also [H Propo- 
sition 5.6]). Conversely, if g is semi-regular, then JC(H) C C and hence any subset 
TZ Q <?si = dom(A)* is relatively continuous by the same calculation above. More- 
over, by Equations (|5.9[) and (|5.1ip . we have 

F(g,Tl) ^spMi((l(E)A(TZ*)*)W(gyi i g c )) = span((l®A(ft*)*COW) = (l®if *)W 

Finally, we prove that there is a saturated relatively continuous subset TZ C g 
if and only if g is regular. In fact, if g is regular, then JC(H) — C and hence for 
TZ = dom(A)* we get 

span«7£|ft» = W*(l ® (span{|A(£))(A(7?)| ■ £, *7 e dom(A)}))W r 

^Here i^g denotes the set of all J* G C(H,C), with £ E -Ho, where £* denotes the element of 
C(H,C) given by f (ij) = <^ 1 77) for all rjeH. 
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= w*{i®k.{h))w = g x r <f . 

It follows from Equation (|5.5I) that I(Q,1Z) = Q xi r Q , that is, 1Z is saturated. 
Conversely, suppose that K C g si = dom(A)* is relatively continuous and saturated. 
In particular, 1Z ^ {0} and hence Q is semi-regular. It follows from Equations (|5.10[) 
and ((5TTT]) that 

Q X r <T =1(G,TZ) = span(£ X r T {{{n\TZ)))G x r g c ) 

= span(l¥*(l ® C)(|A(ft*))(A(ft*)|)(l <g> C)W) 
C ^*(l®/C(i?))W C g x T g°. 

In the last inclusion above we have used the semi-regularity of g. We conclude that 
W*(l <8 IC(H))W — g x r and this is equivalent to the regularity of g. □ 

Next, we analyze the C?-Hilbert space H = L 2 (g). Recall that the coaction 
on H is given by 7#(£) = W*(£ (g) 1) for all £ £ H, where W is the left regular 
corepresentation of the dual g. We already know that H is square- integrable. In 
fact, this will follow again from the result below where we show that we can always 
find a dense, relatively continuous subspace of H . 

Before stating the result we need some preparation. Recall that g is equal to the 
closure in C(H) of the space of the operators A(w) = (u> <E) id)(W) with 10 G £(H)*. 
Similarly, the dual g of g is given by the closure of the operators A(w) = (uj®id)(W) 
with to G £(H)*. By Theorem 1.11.13 in [3D], the dual left Haar weight (p of g has 
a GNS-construction of the form (H, 1, A), where i denotes the inclusion g C(H). 

Let 7^ C g be the Tomita *-algebra of the dual left Haar weight ip: 

(5.12) 7^ '■— {x € g : x is analytic with respect to a 

and a z (x) G dom(A) n dom(A)*, for all z G C}. 

We need the following result from [3DJ Proposition 1.11.25] (applied to the dual g, 
and assuming the inner products to be linear in the second variable): 

Lemma 5.13. For every a G and r\ G H , we have 

A ( w A(a),r,) e dom(A) and A(A(w jS _ (o)]IJ )) = Ja± (a) J77, 

where a is the modular group of (p and J is the modular conjugation of <p in the 
GNS-construction (H,t,A). 

Proposition 5.14. Let g be a locally compact quantum group and consider H = 
L 2 (g) with the coaction defined above. Then 1Z := A (7^) is a dense, relatively 
continuous subspace of H and we have = Ja±(a)*J for all £ = A(a) G 1Z. 
Moreover, 

F{H, 1Z) = 2{H, K) = Fix(i7, K) = G° . 
Proof. By definition, we have 

£ G H si <=> Jh(0*(v® 1) G dom(A), VneH^ 

(C <g> 1)^(77 ® 1) = (w fi|fJ ® id)(WQ = A(w {) „) G dom(A), V?/ G ff. 
Lemma T5 . 1 31 implies that £ := A(a) G H sl for all a G Tip, and 
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In other words, we have = Ja±(a)*J. Moreover, since Ja±(a)*J G Q = 
C x r Q , we get that 1Z = A(7^) is a dense, relatively continuous subspace of H. 
Since Jch (7^)* J is dense in C/ , we conclude that 

T{H,TZ) = span(|7e))(T) = span( J<7> (7»* J<T) = G° . 

And hence Fix(i7, K) = 1(H, K) = Q " . □ 

Next, we consider one of the most important examples, namely, the Hilbert B, Q- 
module B ® L 2 (G), where B is some fixed C/-C*-algebra. Recall that we always 
consider B <E> L 2 (Q) endowed with the coaction defined by Equation (|3.10[) : 

1b®h{() = £ 23 H/ 23 (7B® id )(0, (&B®H. 

Proposition 5.15. Let B be a Q-C* -algebra. Then TZ := B A(7^) is a dense, 
relatively continuous subspace of the Hilbert B, Q -module B H , and 

|6® 0) = (ifl ® J<7i(a)V)7s(&) /or all b e B and £ = A(a) G A(7». 

Moreover, ® H,K) = X{B H,K) = Fix(B ® H) = B y> r Q\ 

Proof. This is a special case of Proposition 15.161 below, so we omit the proof. □ 

Recall that given a Hilbert B, (^-module (£ , 7f), £ x r Q denotes the closed linear 
span of 7£ (£ )(1b Q ) in L(B ® H,£ ® H), where the embedding Q <-t C{H) is 
used to view M.{£ Q) as a subspace oi L{B ® H,£ ® H). If the coaction of £ on 
£ is continuous, £ x r G° is also the closed linear span of {l)c(£) ® y )7f(£) and we 
have a canonical isomorphism /C(£ X r Q ) = /C (£ ) x r £7 c (for the canonical coaction 
on fC(£) induced by 7g). 

We also consider on the Hilbert B- module £ H the following coaction of Q: 

7£®ff(0 = S 23 W^ 23 (7 £ <g) id H )(C), (e£®H, 

where £ : G ®> H ~> H <E> G is the flip operator. Notice that this is a generalization 
of the coaction on B ® iJ defined by Equation (|3.10[) . Thus, the following result 
generalizes Proposition 15. 151 

Proposition 5.16. Lei £ be a Hilbert B,Q-module and consider on £ H the 
coaction of Q defined above. If £ G £ and v 6 .f/gj, i/ien {£ ® H) sl and 

where here we view 7f(£) 6 M.{£ (?) as an element of C(B i7, £ H) using 
the representation Q <-» C(H). Suppose that the coaction of Q on £ is continuous. 
Then 1Z :— £ A (7^) is a dense, relatively continuous subspace of £ iJ, and 

T(£(g>H,TZ) = £x r <f, Fix(£,TZ) =/€(£»,§") =/C(£)^rG\ T{£ ,K) = Ix t §°, 

where I := span(£ |£) s fi/ns is a G -invariant ideal in B). In particular, if £ is full, 
then 7Z is saturated. 

Proof, live H sU then \v)(v\ G /C(if)i and hence T \v)(v\ G (£(£) for 
all T € /C(£ ) because the canonical homomorphism JC{£) — > M(JC(£) fC(H)) is 
nondegenerate and G-equi variant. In particular, \v)(v\ G (£(£) 1C{H))\ 

for all £ G 5. It follows from Proposition 5.20] that £ v G (£0 i7) si . 
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To compute ((£ <g>v\, first note that 

1£®h{£ ® v) = T, 23 W 2 3(j£ ® id ff )(C ® u) 

= E23W23(7£(0®«) 

= S 23 W / 2 3 (l£«)le®«)7£(C) 

= (lg®SW(l C (»«))7 e (0 
= (If «i7h( w ))7£(0- 

Now, if 77 G £ and £ G B, then 

((£ ®v|(>7®C) = (idB®A)(7 C(8/ r(f® «)*(»/ ®C®1)) 

= (ids® A)( 7£ (C)*(?7®7ff(w)*(C® 1))) 

= (id B <g> A)( 7C (0*(»? ® 1)(1 ® 7ff(«)*(C ® !))) 

= 7fi(0*(»? ® !)( id s ® A)(l ® 7ffM*(C ® 1)) 

= 7£(C)*(^® A( 7fl »*(C® 1))) 

= 7s(C)*(l£® ««|)(»7®C)- 

Therefore, ((£ ® u| = 7 £ (0*(lfi ® ««|), that is, |£ ® u)| = (lg ® |«»)7fi(0- If w e 
A(7^), then we know from ProDOsition l5.14l that € 5 . Thus, if 75 is continuous, 
then 

|£ ® «)) - (i £ ® |t>)))7£(0 e (1 ® g c hs(£) c £ * r <T. 

Since £ x r Q is a Hilbert B x r £7 -module, it follows that 72 — £ A(7^) is a dense 
relatively continuous subspace of £ ® if and 

J"(£ <8> B, 72) = span( |72)) (B x r <? ° )) 

= span((l £ |A(T # ))))7f(f )(S *r 0°)) 

= span((l £ ® g c ) 7f (£ )(B x r 0°)) 

= span((£ X r £ C )(B x r (?°)) =5 X r Q . 

It follows that 

Fix(£,72) = /C(£ x r <T) ~/C(£) x r <f and Z(£,72) = 7 X r <T. □ 

Remark 5.17. Let notation be as in Proposition 15 . 16l For each £ € £, the operator 
7e(£) G A4(£ ® £7), considered as an element of C(B (g) B, £ ® H), is C/-equi variant, 
that is, for all £ G B ® B we have 

7£®ff(7e(C)C) = (7f(£) ® 1<?)7b®h(C)- 
Therefore, by Proposition GBpi), 7fi(f)C e (£ B) si for all C G (B ® B) si , and 

|7*(0C»=7£(0IC»- 

By Proposition [5T5l 72 := B Q A (7^) is a relatively continuous subspace of B ® B 
and 1 72.)) is dense in B x r £/ . It follows that 7f(£)72 is a relatively continuous 
subset of £ ® B and 

F{£®H, l£ {£)Tl) = span 7£ (£)(B x r if ) = £ x r <f . 

Since the linear span of js(£)(B ® £/) is dense in £ ® (/, it follows that the linear 
span of 7f(£)72 is a dense, relatively continuous subspace of £ Cg> B. Note that this 
argument does not use continuity of the coaction 7 £ . 

For a compact group G, every subset of a Hilbert B, G-module is relatively 
continuous. Now we show that this is also true for compact quantum groups. 
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Proposition 5.18. Let Q be a compact quantum group and let £ be a Hilbert B, Q- 
module. Then any subset of £ is relatively continuous. In particular, £ itself is 
relatively continuous. Moreover, we have 

F £ :=T{£,£) = {\ £ ®S\)£ x r (f, 

where S\ := A(l) € H and S\ denotes the element of C(H,C) given by <5i (77) = (Si | 
77) for all i] € H. The generalized fixed point algebra Fix(f) := Fix(£,£) is the 
usual fixed point algebra 

Fix(£) = (1 <g> St)K{£ x r ® Si) = {i£ £(£) : 7jc(£)(#) = x ® l a }, 

and if is Morita equivalent to the ideal Tg '■— C _B x r given by 

1 £ = span(£ x r <T)*(1 ® pi)(£ x r y ) = span"7f (£ )*(lf ® Pi)7fi(£ )i 

where pi := |<5i)(<5i| G 

Proof. We already know that £ = £ s i. Thus we have to show that, for any £,77 e £, 
the element ((£ 1 77)) belongs to -B x r Q . Recall from Example 13.51 that 

«€|=7£(0*(1k(£)®«i) foralUef. 

Thus 

=7£(0*( 1 K(£) ®pi)7£(»?)- 
We may assume that tp is a state, that is, y(l) = 1. Thus <5i is a unitary vector 
and hence p\ is a projection. Note also that ip — uJg lt Si G I 1 ^)- We claim 
that pi = (recall that p(uj) = (id ® ui)(V*), where V is the right regular 

corepresentation of Q). In fact, by Equation (14. 4p . we have (using that compact 
quantum groups are unimodular, so that T = A) 

(id ® p)(V)A(6) = A((id <8> y>)A(&)) = A(l^(6)) = 5^(6) 

for all b E Q. On the other hand 

PiA(6) - |*i)<fc|A(6) = 5i<A(l)|A(6)) = <M&). 

Thus (id <8) (f)(V) = pi and hence 

p(<p) = (id ® y>)(V*) = (id ® p)(V)* = pj = pi. 

In particular, pi g p(L 1 (Q)) C (/ . We conclude that the operator 

=7e(0*(l/c(£)®Pi)7£(»?) 

= ((1k(£) ®Pi)7£'(0)*(( 1 k;(£) ®Pi)7£(»7)) 

belongs to (£ x r Q ° ) * {£ x r £ ° ) C B x r Q ° . Here we are using that compact quantum 
groups are regular, so that jg is automatically continuous (see Proposition 5.8 in 
[3]). Therefore any subset of £ is relatively continuous. 
The equation = (1 ® 5J)7g(f) yields 

If =span(l®,5*)7£(^)(S *r<T) = (1 ® <$i)£ *r<f 

Hence 

Fix(£) = spaH(l <g> 5J)(£ x r cf)(£ x r ® ft) = (1 ® <SJ)/C(£ x r <T)(1 ® ft), 

which is therefore Morita equivalent to 

I £ = span(£ x r £/)*(! ®p\)(£ x r 5°)- 
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Since 7£ is continuous, the linear span of ^(Q) * £ is dense in £. Combining 
this with Propositions 14.131 and 14.141 (and using that Q is unimodular, so that 
Ll(g)=L 1 (g)), we get that 

\£j = span((l ® Slh £ (£)(l ® p^Q)))) 

= span((l®<5n 7£ (£)(l®^ c )) 

= (1 x r £°) = -F 5 . 

In particular, 

1 £ = span((£ I £ )) = span 75(f)* (1 (g)pi)7 £ (f), 
and (using the equality u>s 1 .s 1 = (f) 

Fix(£) = span|£))«£| 

= span(l ® <5*)7jc(£) (£(£))(! ® *i) 
= span(id K: ( £ ) <g> <p)(jK(£) (£(£))) 
= {a; G /C(£) : 7x;(g)(x) =2;® lg}, 

where the last equality is proved in the following way: since Jic(S) )) ls contained 
in M (K{£) ® Q) (which is equal to K{£) ® Q because Q is unital), and since <p G Q*, 
we have 

(id/c(£) ® V)(7/C(£)(^(f ))) c {x g K(£) : 1k(s){x) = x® lg). 

Conversely, if j/c(£)(x) = x ® lg, then (idx;(£) ® ( / 3 )(7A:(£)( a; )) — 21 1 an d therefore 

Fix(£) ={zg£(£) :7K(£)(z) =z® lg}- □ 

Remark 5.19. In the case of a C/-C*-algebra ^4 with Q compact, the Morita equiva- 
lence between Fix(A) and the ideal Ia in A x r Q was obtained by Ng in [22] ■ He 
also defined an interesting condition on the coaction: 7^ is called effective if the 
linear span of r )A{A)(A <g> 1) is dense in A <E> Q. This condition implies that 1Z = A 
is saturated, that is, Ia is equal to A x r ([24, Lemma 2.6]). Thus, in this case, 
Fix(^4) is Morita equivalent to A x r Q . Note that comultiplications arc effective 
and hence any dual coaction is effective. Observe that this result applied to the 
comultiplication A of Q and combined with Proposition 15.81 yields a well-known 
result: any compact quantum group is regular. 

The following result provides a canonical way to associate relatively continuous 
subspaces of £ to relatively continuous subspaces of K,(£). It also provides a for- 
mula for the corresponding Hilbcrt modules over the reduced crossed product and 
generalized fixed point algebras. 

Proposition 5.20. Let Q be a locally compact quantum group and let £ be a Hilbert 
B,Q-module with a continuous coaction of Q . 

(i) Suppose that there is a left action it : A — > £(£) of a Q-C* -algebra A turning 
£ into a Q-equivariant right-Hilbert A, B-bimodule. This means that tt is 
a Q-equivariant nondegenerate *-homomorphism. We will use the module 
notation for the left action: a ■ £ := 7r(a)£ for all a G A and £ G £ . 

If 1Z is a relatively continuous subset of A, then 1Z ■ £ is a relatively 
continuous subset of £ and 

T{£,Tl-£) =span(j-(A,^) ■£ x t Q°) S F{A,K) ® A ^g< {£ x r <T), 

where for x G T(A,TZ) C £(A ® H, A) and y G £ xi r ^° C £(B <g) H , £ <g> H) 
we are using the notation x ■ y := (tt ® idii*)(x)y. Observe that ir ® id#* : 
C(A ® H, A) — > £(£ (g) H, £) and therefore the composition (n <S> idH*)(x)y 
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makes sense. Note that C{A ®H,A) = M{A ® H*) and C{£ ® H,£) = 
M{K{£)®H*). 

In particular, ifTZ is a relatively continuous subspace of)C(£), thenlZ(£) 
is a relatively continuous subspace of £ and 

T{£,K{£j) =spez(r(K(£),K)°(£ XrG c )) =F{ic(£),n) ® K[£)> < t g° (£ ^Q°). 

(ii) If TZ is a relatively continuous subset of £ , then \TZ){£\ is a relatively con- 
tinuous subset of K,{£) and 

T(1C(£),\K)(£\) =span(.F(£,ft)o(£* x r Q c )) = T(£,TZ) ® B> < t $° (£* 

Proof, (i) It follows from Proposition ^. 8f iv) that TZ- £ C £ si and, for all a S TZ and 
£ G £ , we have 

\a ■ 0) = (tt ® id ff .)(|a»)7e(0 = l«» • 7^(0- 
Thus, for all a,b E TZ and £, 77 € £ we get 

((« • £ I & • *7» = 1£ (0 * (t ® id K ) ( ((a 1 6)) ) 7e fa) = l£ (£) * (tt x r § c ) ( ((a 1 6)) ) 7£ (77) , 

where JC := JC{H). Since TZ is relatively continuous, we have ((a \b)) € A x r £/ . 
Thus to prove that 7?. • £ is relatively continuous it is enough to prove that 

7£(£)*(7r x r £ C )(A x r <f )7f(£) CBx r g C . 

If c g A, x G Q and £, 77 g £ then 

7£(£)*(^ Xr^ C )((l®i)7A(c)) 7 £fa) =7£(0*((l®*)7x:(e)Wc))7£(»7) 

= 7fi(0*(l ® £)7£Mc)»7) C (£ x r (f )*(£ x r (f ) C S x r <f . 
Hence 72. ■ £* is relatively continuous. We compute 

£ xi r g c = (A x r cf) ■ (£ x r if ) 

= (tt x r cf )(a x t g°)(e * r cT) 

= (tt <E> id/c) (A *tG'){£ X r 0°), 

and hence 

F{£,TZ-£) = span \7Z ■ £)) (B M r £°) 

= span(|ft)) -1 £ {£)){B x r (f ) 

= span(^®id ff ,)(l^»)7£(^)(-B *r<f ) 

= span(7r® id ff ,)(l^»)(^ Xr0 C ) 

= spH(7r®id ff .)(|^)))(^ Xr^f ) ■(£ xi r C ) 

= spaS(7r ® id H .)(|ft)))(7r <g> id/c) (A x r x r <f ) 

= span(7r ® id#* )(|ft))(A x r g c ))(£ x r £f) 

= span J" (A, ft) ■ {£ x r §"). 

Finally, it is easy to see that the map x ® y x ■ y, where x <E J~{A, TZ) and 
y G £ x r Q , induces an isomorphism 

T{A,n)® A ^« (£ x r g e ) s spaH^Aft) • (£ M r <T). 

(ii) By Proposition I3.8f v) . we have \TZ)(£\ C /C(£) s ; and, for all £ € ft, 77 e £, 

Ho^i» = io)7£('?r- 

Thus, if £1, £2 £ ft and 771, 772 £ £ we get 

((|Ci)<r?i|||6><%|» =7f(r?i)«6l6»7£(%r G (£ *rS°)(£ * t Q*)* QK(£) 
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Thus \TZ}(£\ is relatively continuous and because £* x r Q c — {B X r Q ){£* x r Q°) 
we conclude that 

F(K(£),\n)(£\)=ms(\\K)(E\))(lC(E) x r s c )) 

= span(|^)) 7£ (f)*(/C(5) x r g c )) 

= span(|ft)}(£* x r <f )) 

= span(|ft))(5 x r <f )(£* x r (f )) 

= span T(£,K){£* x r (f )• 

Finally, it is easy to see that the map z ® w <-¥ z o w, where z € J-(£,1Z) and 
w € £* x r C? , induces an isomorphism 

J-{£,1l)<S> B ^ i§ c {£* x r <f ) = spanJ-(£,ft)(£* x r (f). □ 

In the group case, it is a basic observation that i» r G appears as a generalized 
fixed point algebra of A<g>/C(L 2 (G)) , where G is a locally compact group and A is a 
G-C*-algebra. Using the result above we can now prove the following generalization: 

Proposition 5.21. Let Q be a regular locally compact quantum group. Let £ be a 
Hilbert B,Q-module with an injective coaction of Q and consider the Q-C* -algebra 
A<E)IC, where A := fC(£) and K, := K,(L 2 {Q)) . Then there is a dense, relatively 
continuous subspace 1Z C A (g> fC such that 

F{A®K,TZ) s (Ax r £°)®L 2 (£)*, Fix(A®K,K) = A x r §\ 

and l(A®K,,Tl) (A x r Q°) ® K. = (A®JC) x r Q° . 
Hence Ay\ r Q appears as a generalized fixed point algebra of A®1C. 

Proof. Note that 7^ is injective if and only if ja is injective. Thus (A,ja) is a 
reduced coaction of Q . Since Q is regular we have the duality isomorphism: 

A ~a t Q c x r Q = A ® K. 

Hence (A ® /C) xi r (/ = (A X t 5 ) ® C By Proposition 15.161 there is a dense, 
relatively continuous subset IZo C £ <g> L 2 (Q) such that 

F{£®L 2 {Q),1Zq) =£ x t §° = £ ®b {B x r (f). 

By Proposition I5.20f ii). 7?. := span(|7^o) (£ |) is a dense, relatively continuous sub- 
space of /C(£ ® £ 2 (S)) = -A ® fC and 

j-(A(g)X;,7e) s ®L 2 (g),Ko)® B>ttSa {£®L 2 {g))* x r <f . 

Now note that 

{£ ® L 2 {g))* x r g c * {£* ® l 2 (£)*) (A <g> /c) x r g c 

S (£* <g> L 2 (£)*) (A x r <f ) <8) £ 

£ (£* ® A (A x r §')) ® (i 2 (£)* ® K /C) 
= (£* x r (T)®L 2 (£)*. 

Thus 

F{A®K,n) ~ (f x r g c )(g) SXr go (f* yi I g")<E)L 2 (g)* = (A » I g c )<E)L 2 (gy-. 

Therefore, 

¥\x{A®K,1l)^Ax T T 

and 

i(A<g)A:,^) (A x r g c ) ® /c ^ (a®/c) x r <T. □ 
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In the situation above, we have A ® JC = A x r Q x r Q. Thus A <g) /C is a dual 
coaction and therefore the following result generalizes the proposition above. 

Proposition 5.22. Let Q be a regular locally compact quantum group and suppose 
that £ is a Hilbert B,Q -module, where B is a reduced Q-C* -algebra. Consider the 
dual coaction ofQ on £ x T G . Then there is a dense, relatively continuous subspace 
TZ of £ x ,. Q such that 

Tie x r g",n) s L 2 (gy ® e, Fix(£ x r g',n) s /c(£), 

and I(£ x r e C ,K) = /®KCB«K^Bx r e c x r £, 

where I := span(£ C B and /C := /C(i 2 (^)). In particular, if £ is full, then 
TZ is saturated. 

Proof. Let A :— Q , where Q is regarded as a -C*-algebra (with the comultipli- 
cation as coaction). Since Q is regular, Proposition 15.81 implies that TZq := ^4si is a 
dense, relatively continuous subspace of A and 

T(A,TZo) = [l g ®L 2 (G)*)W^L 2 {g)*. 

The dual coaction on £ » r Q is defined in such way that the canonical nondegenerate 
*-homomorphism n : A — > £(£ x r Q ), x i— > n(x) :— \ ® x, \s Q -equivariant. So, 
by Proposition [EMi), TZ := spim(ir(K ){£ x r £°)) is a dense relatively continuous 
subspace of £ x T Q and 

T(£ >i 1 .g c ,TZ)^T(A,TZ )(g) A ^ i g {£ x r (f x r 0). 

Since the coaction on B is reduced and £/ is regular, we have B y\ r Q x r £ = 5 <g) 
so that 

£ x r g" x r 2 (5 ® B (B x r g c )) ® BXi ^. (B x r cf x r 
= £® B (B®1C) ^£®K. 
Since C/ is regular, we also have A~A X Q = Q x r C/ = /C. Thus 

x r cT,ft) S L 2 (£)* ® K (£ ® /C) S L 2 (£)* ® £. 

And therefore 

Fix(£ X r (T,ft) ^/C(£) and Z(£ x r (T,ft) = J® £. □ 

6. Completions of relatively continuous subsets 

In general, for a given Hilbert B, (/-module £ there might be several relatively 
continuous subspaces TZ C £ yielding the same Hilbert module T — T(£,TZ). In 
this section we impose more conditions on TZ to minimize these possibilities. For 
this we shall use the Banach algebra Lq{Q) C L 1 (Q) introduced in Section[4] 

Definition 6.1. Let £ be a Hilbert B, ^-module. A subspace 1Z C £ s [ is called 
complete if TZ is || • || s i-closed, iQ(C/)-invariant and also i3-invariant, that is, if uj * £ 
and £ • b belong to TZ for all £ e TZ, uj e L\{Q) and b e B. Here * denotes the 
left action of L 1 (Q) on £ induced by the coaction of 5 (see Equation (|2.1|l ) and • 
denotes the right B-action. 

The completion of a subset TZ C £ s j, denoted by 7?. c , is the smallest complete 
subspace of £ s i containing TZ. 

Note that £ s [ is complete by Propositions 13. 8f ii). 14.71 and S\ Lemma 5.28], and 
hence TZ is complete if and only if TZ is an Lq(Q), B-invariant closed subspace of £ s [. 
Since the intersection of complete subspaces is clearly complete, the completion of 
a subset TZ C £ si always exists and is the intersection of all complete subspaces 
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of £ S [ containing 72. If TZ C £ si is an L\(Q), £?-invariant subspace, then so is the 

si-closure TZ S1 by Proposition 14.71 and Lemma 5.29], and therefore TZ C — TZ S \ In 
general, we can describe the completion of a subset TZ C £ s ; as the si-closure of the 
smallest Lq(Q), 73-invariant subspace of £ S i containing TZ. 

Proposition 6.2. Let £ be a Hilbert B, Q -module. IfTZ C £ is relatively continuous, 
then so are TZ ■ B, L\{Q) * TZ and 72 s ', and we have 

T{£,TZ) =T{£,K S1 ) =T(£,TZ-B) = T(£, Lj(0) * 72). 
Moreover, the completion TZ C of TZ is also relatively continuous, and we have 

F(E,K)=F{£,Tl c ). 

Proof. Let £ e TZ, b e B and uj e L\(Q). By Propositions E^ii) and EH we 
have the formulas |£ • b)) = |£)) 7 b(&) and \cu * £)) = |£))(1b ® Since 73(6) and 
{1b® Puj) are multipliers of B x r £J (remember that p u E Q ; see Proposition 14. 1 31) . 
it follows that TZ B and Lq(Q)*TZ are relatively continuous. And from the definition 

of || ■ 1 1 s i it also follows that TZ S1 is relatively continuous. 

Let A := B X r Q . By definition of || • || s ; and because TZ C 72 s ', we get 

T{£,TZ) C .F(£,72 S1 ) = span(|^ SI )) o A) C span(|72)) o A) = T{£,TZ). 

Thus J-(£,TZ) = J-{£,TZ S1 ). By Proposition I3.8f ii - ) and because the linear span of 
'Jb(B)A is dense in A we get 

F(£,Tl-B) =spm(\TZ))j B (B)A) =F(e,K). 

Analogously, by Proposition ^. 71 and because the linear span of (1 <g> p(Lq(Q))A is 
dense in A (by Proposition ^. 131) . we get that T{£ , L\(Q)*1Z) = IF(£,TZ). It follows 
that TZ C is relatively continuous as well and .F(£,7£ c ) = .F(£,72). □ 

Given a complete subspace TZ C £ s j, Propositions I3.8f ii) and I4.7I imply that (72.)) 
is already a (concrete) A-module, where A := B x r Q . In other words, we have 
1 72.)) oiC |72)) . Therefore, if 72 is also relatively continuous, then it follows from 
Equation f|5.3[) that 

F(£,K) = span(|72)) o A) C |72~)) C T{£ ,72), 

that is, F{£,TZ) = |72)) for any complete, relatively continuous subspace. Combin- 
ing this with Proposition I6.2I we get 

(6.3) F(£,K) = [lQ), 

for any relatively continuous subset 72 C £ si . 

Corollary 6.4. For any relatively continuous subset TZ of a Hilbert B, Q -module £ , 
we have 

Fix(£,72) = span(|72 c ))((72 c |) and 1(£,TZ) = span(((72 c |72 c ))). 

Since the bra-ket operators are C?-equivariant we see (again) that Fix(£,72) is a 
C*-subalgebra of C G {£) = Mi{K,{£)). Proposition I3.8IT ) yields the equality 

(6.5) Fix(£,72) =span{(id K(£) ®^)( 7K(f) (|0(?7l)) ^^e72c}. 

The following result gives a useful criterion to show that a subspace is complete 
or to calculate its completion. 

Proposition 6.6. Let £ be a Hilbert B ,Q-module, let TZ be a subspace of £ s j and 
suppose that Dq C Lq(Q) and Bq C B are dense subsets. 

(i) 72 is complete if and only if it is si-closed, Dq * 72 C 72 and TZ ■ Bq C 72. 
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(ii) If Dq *K C K and TZ ■ Bq C TZ , then the completion of TZ is equal to TZ . 

Proof. By Proposition 14.71 and [8j Lemma 5.29], the left LQ(CJ)-action and the right 
.B-action on £ s i are continuous with respect to || • || si . The assertions now follow 
easily. □ 

At this point, the following question naturally appears. Let TZ,TZ' C £ be com- 
plete, relatively continuous subspaces and suppose that T(£ ,1Z) — IF(£,TZ'). Does 
it follow that TZ — TZ 1 ? For locally compact groups, that is, for Q = Cq(G), this is in 
fact true ( [231 Theorem 6.1]). Unfortunately, this is not the case for general locally 
compact quantum groups. Problems appear for non-co-amenable locally compact 
quantum groups Q. In these cases, coactions are not necessarily injective. Take any 
non-injective coaction (£, 75) of a locally compact quantum group Q . Note that any 
£ e ker(7f) is square-integrable with = 0. Thus TZ := {0} and TZ' := ker(7£ ) are 
different complete, relatively continuous subspaces with .F(£,7?.) = F(£,TZ') = {0}. 
In order to circumvent this problem we need an extra condition. 

Definition 6.7. Let £ be a Hilbert B, ^-module. We say that a complete subspace 
TZ C £ si is slice- complete, or shortly, s-complete if for all £ € £ s i, with ((£ | £)) S 
B xi r Q c , one has 

lj * £ e TZ for all lo € L l {g) =>■ £ e TZ. 
The s-completion of a subset TZ C £ s ;, denoted by TZ SC , is the smallest s-complete 
subspace of £ sl containing TZ. 

Note that, by definition, £ s i is s-complete, and intersections of s-complete sub- 
spaces are again s-complete. Thus the s-completion of a subset TZ C £ si always 
exists: it is the intersection of all s-complete subspaces of £ S i containing TZ. 

Note also that any s-complete subspace contains ker(7^) because w * £ = for 
all oj e Lq(G) and £ 6 ker(7g). Thus, if 7^ is not injective, the trivial subspace 
TZ = {0} is complete (and relatively continuous), but not s-complete. The converse 
is also true: 

Proposition 6.8. Let £ be a Hilbert B,Q-module. Then the s-completion of {0} 
is ker(7g). In particular, {0} is s-complete if and only if js * s injective. 

Proof. It suffices to show that TZq := ker(7^) is s-complete. Of course, TZo is 
complete. Now suppose that £ g £ and w * £ g 7?.o for all w G Lq(Q), that is, 

= 7 £ (w *£) = 7f((id f ® w)(7£(£))) = (ids ® idg <g> w)(7g ® idg)(7£(0)- 
Since w £ is arbitrary, it follows that 

= (7f ®ida)(7e(0) = ( id £ ® A)( 7£ (£)). 
And finally, because A is injective, we get "fs(0 = 0, that is, £ € ker(7g) = T^o- 
Therefore TZq is s-complete. □ 

If one restricts to injective coactions, that is, reduced coactions, then it is not 
clear whether there exist examples of complete subspaces that are not s-complete. 

Remark 6.9. Note that every complete subspace TZ C £ satisfies the following 
property: for all £ € £ si with ((£ | £)) e B x r £ ° , if £ • b e TZ for all be B, then £ e TZ. 
In fact, let (e,) be an approximate unit for B. Then £ • — > £ and 7b (ej) — > 1 
strictly in (£ x r 5 )■ Now the condition ((£ | £)) E B x r £7 means that TZ' := {£} 
is relatively continuous. Thus J- := J-(£,TZ') is a (concrete) Hilbert A-modulc, 
where A :— B yi r Q . Thus, by Cohen's Factorization Theorem, for any x € the 
map Ai (A) BaHi'aeJis continuous for the strict topology on A4 (A) and the 
norm topology on T . Equation (|5.3[) says that g J 7 . Thus 

le-e i » = |0)°7B(e i )^|0). 
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Hence £ • a — > £ in the si-norm and therefore £ G TZ. 

Note that one important point above was the use of a (bounded) approximate 
unit for B. In order to follow the same idea above and try to prove the same 
property for the left Lj(C/)-action, that is, to prove that every complete subspace 
is automatically s-completc, one needs a bounded approximate unit for Lq(Q), that 
is, one needs co-amenability of Q . This is the content of the next result. 

Proposition 6.10. Let £ be a Hilbert B ,Q -module and suppose that Q is co- 
amenable. Then every complete subspace TZ C £ sl is automatically s-complete. 

Proof. Let (wi) be a bounded approximate unit for Lq(Q) (Proposition ^. 16| . Then 
p Ui — > 1 strictly in Ai(B x r Q ). Using Proposition 14.141 one can now follow the 
same idea as in Remark 16.91 □ 

Proposition ^. lOl applies to actions of locally compact groups, that is, to coactions 
of Q = Cq(G), where G is a locally compact group, because Cq(G) is always co- 
amenable as a quantum group. On the other hand, it docs not apply to coactions 
of groups, that is, to the dual C*(G), unless G is amenable. Indeed, the quantum 
group C*(G) is co-amenable if and only if G is amenable. 

Proposition 6.11. Let £ be a Hilbert B,Q-module, and let TZ be a complete, rela- 
tively continuous subspace of £ s \. Equipped with the si-norm, 1Z is a nondegenerate 
Banach right B-module, that is, 1Z ■ B = 1Z. Moreover, if Q is co-amenable, then 1Z 
is also a nondegenerate Banach left Lq(Q) -module, that is, Lq(Q) *TZ = TZ. 

Proof. We already know that 1Z is a Banach left Lj(C/)-module and also a Banach 
right B-module. We only have to prove the nondegeneracy of the actions. Now, if 
(ej) and (u>i) are bounded approximate units for B and Lq(Q), respectively, then, 
as we saw in Remark 16.91 and Proposition 16.101 we have £ • ej — > £ and uii * £ —> £ 
with respect to the si-norm, for all £ G TZ. Therefore, by Cohen's Factorization 
Theorem, 1Z ■ B = TZ and Lj((?) *K = 1Z. □ 

If Q is not co-amenable, then the conclusion of Proposition ^. 1 II does not hold in 
general. A trivial example can be found in the case of non-injective coactions. In 
fact, if (£, 7£ ) is a non-injective coaction, then 1Z := ker(7^) is relatively continuous 
and s-complete (Proposition ^. 8[) . but L 1 (Q) *7Z = {0}. If one restricts to injective 
coactions, then it is not clear whether there exist counterexamples. 

Proposition 6.12. Let £ be a Hilbert B,Q -module and let T C CP {B <%> L 2 (Q) 1 £) 
be a concrete Hilbert A-module, where A :— B x r Q . Define 

1Z T := {£ G £ si : |0) € J 7 }, 
TZ% := {x{K) :xeT,KeBQ A(7^)}. 
Then TZjr C TZjr, both TZjr and TZjr are relatively continuous, TZjr is complete, and 
\7Zjr)) and \TZjr)) are dense in T . In particular, we have 

F{£,K%)=T{£,Kr)=T. 

Proof. Let TZ Q := B A(Xp) CBg L 2 {G). By Proposition 1^151 1Z is a relatively 
continuous subset of B ® L 2 (Q) and \TZo)) is a dense subspace of A. Proposi- 
tion [3l2[iii) implies that TZjr C £ si and 

\n a jr)) = t o |7e. » cjoicj. 

Thus TZ°jr C TZjr. This implies that \1Zjr}) C \1Zjr)) C T. The equation above also 
shows that \TZ%)) is dense in To A which by Cohen's Factorization Theorem is equal 
to T . Since T*oT C A, TZjr (and therefore TZjr) is relatively continuous. Since J 7 is a 
concrete A-module and £ s ; is Lq(Q), B- invariant, it follows from Propositions 13. 8f ii) 
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and 14.71 that TZjr is Lq(Q), i?-invariant as well. From the definition of || • || s i and 
because £ S i is si-closed, it follows that TZjr is si-closed. Thus TZjr is complete. □ 

Remark 6.13. Proposition 16 . 1 21 is a quantum version of Meyer's result [23J Propo- 
sition 6.1] for classical groups. There is a small difference between our version and 
Meyer's version in [23], namely, the choice of TZjr. For groups, that is, for Q = Cq(G), 
where G is some locally compact group, one can replace TZjr by TZjr := {x(K) : x £ 
J 7 , K € C C (G, B)}. This set satisfies the same properties of TZjr defined above (this 
is exactly [23J Proposition 6.1]). The point here is that C C (G, B) is also a relatively 
continuous subset of L 2 (G, B) and J"(L 2 (G, B), C C (G, £?)) = B x r G (this is proved 
in |23] ) . For an arbitrary locally compact quantum group Q we may take any rela- 
tively continuous subset TZ§ C B ® L 2 (Q) satisfying ® L 2 (Q),TZq) = B M r Q' 
and define TZPjr :— {x{K) : x £ J 7 , K £ TZq}. An argument analogous to that in the 
proof of Proposition 16.121 shows TZjr C TZjr (so that TZjr is relatively continuous) 
and F(£,lZjr) = F{£,TZjr) = J '. We are going to see later that if TZPj- is chosen 
in this way, then the s-completion of TZjr is equal to TZ jr. In this sense, all such 
choices are equivalent. 

Proposition 6.14. Let T C C? (B ® L 2 (Q) , £) be a concrete Hilbert Byi r Q -module, 
where £ is some Hilbert B, Q-module. Then TZjr is s-complete. 

Proof. By Proposition 16.121 TZjr is complete. Suppose that £ £ £ s ; is such that 
((£ | £)) £ B x r Q and u * £ £ TZjr for all u £ L\(Q). By Proposition 277] this means 
that 

|w*0) = IO>(ifl®A-)e.F 

for all w € Lj(Cf). Since p(Lq(Q)) is dense in C? , there is a bounded approximate 
unit (e^) for £/ of the form = with uii £ Lq(Q) for all i. It follows that 

(Is <8> eC) converges strictly to 1 in M(B xi r Q"~). Since ((CIO) G -B x r £/, we get 

k*0) = IO>(iB®p(wi))-HO>- 

Therefore £ J 7 , that is, £ € 7?.jr and hence TZjr is s-complete. □ 

7. Continuous square-integrability 

Throughout this section, Q denotes a locally compact quantum group and B denotes 
a C?-G* -algebra. We are ready to give one of the main definitions of this paper. 

Definition 7.1. A continuously square- integrable Hilbert B, Q-module is a pair 
(£,TZ) consisting of a Hilbert B, Cf-module £ and a dense, complete, relatively con- 
tinuous subspace TZ C £ si . If, in addition, TZ is s-complete, then we say that (£,TZ) 
is an s- continuously square-integrable Hilbert B, Q-module. 

The generalized fixed point algebra associated to a continuously square-integrable 
Hilbert B,£-module (£,K) is the G*-algebra Fix.(E,K) = span \K))((K\. 

By Equation (|6.5[) . the generalized fixed point algebra Fix(£,TZ) is the closed 
linear span of the "averages" (idjt(£) ® where x — |£)(r/| with £, r\ £ TZ. 

Note that in the group case Q — Co(G), the average (idxvg) ® ¥>)(a0 is the strict- 
unconditional integral J™ a* (a;) di (as defined in [5]), where a is the corresponding 
action of G on K{£). In particular, Fix(£,7?.) is contained in the multiplier fixed 
point algebra A^i(/C(£)) = {x £ .M(/C(£)) : Jic(s)(x) — x ® 1} and thus elements 
in Fix(£,7?.) are fixed by the coaction of JC{£). Proposition l5 . 71 tell us that Fix(£ ,TZ) 
is Morita equivalent to the ideal I(£, TZ) = span((7vL 1 TZ)) C B x r Q ' , where T{£ , TZ) 
is the canonical candidate for the imprimitivity Hilbert module. 
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In what follows, we are going to generalize [23, Theorem 6.1] to the setting of 
locally compact quantum groups. This result describes relatively continuous sub- 
spaces via concrete Hilbert modules. First we need a preliminary result. Recall that 
a denotes the modular automorphism group and T v denotes the Tomita *-algcbra 
of the left Haar weight <p (see Equation (|5.12[) ). 

Lemma 7.2. Let £ be a Hilbert B,Q -module. Let b G Tip, £ G £ s \ ond suppose that 
a G dom(A) is such that A(a) <E dom(i5^). Define uj := ujtv(b),tv(a) — aipb* G L l (Q) 
and x u := a<r_i(6*) G dom(A). Then uj * £ G £ s \ and 

||w*Oi<cJ|0>ll, 
where c u := max{||A(x u )||, ||p(w)||}. 

Proof. Lemma 5.17 in 8 implies u> * £ = |£))(ls ® A(x w )), so that \\oj * £| < 
11^(^)11 II 10) II- Proposition 14. 71 savs that cj * £ G £ S i and 

|w*0> = I0>(1b®a-)- 

Hence || |w * 0) II < ||Pw|| II 10) II • Th e desired result now follows. □ 

We are ready to proof one of our main results. 

Theorem 7.3. Let Q be a locally compact quantum group, and let £ be a Hilbert 
B,Q-module. Then the map 7Z i— > J-(£,7Z) is a bijection between s-complete, rela- 
tively continuous subspaces of £ and concrete Hilbert B x r C/ -modules J- C £ 6 (B® 
L 2 {Q),£). Its inverse is the map T i-> IZj?. A concrete Hilbert module J- is essential 
if and only if Ttj? is dense in £ . 

Proof. By Proposition 16.141 IZjr is relatively continuous and s-complete, so that 
the map T M> TZjr is well-defined. By Proposition 16.121 we have F{£,TZjr) = J '. 
It remains to show that 1Z = TZj^(e t -jz) for every s-complete, relatively continuous 
subspace 1Z of £. By Equation (|5.3[) . we have 1Z C TZjr^ £ n y Let £ G TZjr^,n)- 
Then, by definition of TZj=^^n), we have G IF (£,11) = \1Z)) (for the last equality 
we have used Equation (|6.3p and the assumption that 7?. is complete). Thus there 
is € 7?. such that — > Take any a G dom(A) and b £ Tip such that 

A(a) € dom(<5^) and define u; := a^sfe* = u; Mil , G L\(Q), where u :— A(6) and 
w := A(a). By Lemma 17.21 we have \\uj * ry|| s ; < c w |||t;))|| for all r\ G £ s ;, where c w is 
a constant depending only on u>. In particular, 

||w*$-W*C„|U<C«,|||0)-|Cn)>||->0. 

Since 7?. is complete, we get that w * £ € 7?.. Thus WA(&).A(a) £ K for all 
b E Tp and a G dom(A) with A(a) G dom(<5^). Now take any u E H and u G 
dom((53) and observe that dom((5^) n ran(A) is a core for 5% (see the proof of 
[3"ffl Proposition 1.9.5]). This means that there is a sequence (a n ) C dom(A) with 
A(a n ) G dom((?3) such that A(a„) — > v and 5s(A(a„)) — > S^v. By Lemma 5.13 in 
[15] . A.(Tp) is dense in H, so there is a sequence (&„) C 7^> such that A(6„) — > u. It 
follows that wa(6„).a(q„) ~~ ^ hi ^(Q) and 

p(WA(**),A(a„)) = ( id ® W A(fc„),^A(a„))( y *) ^ ( id ® W U)5 i J(^*) = PK,v)- 

Proposition l4.7l implies that wa(6„),A(o„) ~~ ^ in the si-norm. Thus u;*£ G 7£. 

for all uj G Lq (Q) and hence also for all ui G L\(Q) because Lq (Q) is dense in Lq(Q) 
and 7?. is a Banach left Lj(C/)-module. Since 1Z is s-complete we conclude that £ E 1Z. 
Therefore TZ = 1Z^^s,n)- 

If F is essential, then by the definition of TZ^-p (see Proposition 16 . 1 2[) . the linear 
span of IZ^jr is dense in £. Thus 1Z? D 7?.jr is dense in £ as well. Conversely, if 7\Ljr 
is dense, then F is essential by Proposition 15.61 □ 
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Corollary 7.4. Suppose Q is a compact quantum group and £ is a Hilbert B,Q- 
module. Then the map TZ i— > T(£,TZ) is a bijection between L 1 (Q) , B -invariant 
closed subspaces of £ satisfying 

(7.5) £ G £ and lj * £ G K, Vw G L 1 {Q) £ e R, 

and concrete Hilbert B x r Q -modules T C CP (B ® L 2 (Q),£). The inverse map is 
given by T — > 72. jf- 

Proof. Since £/ is compact, any subset of £ is relatively continuous and the si- norm 
is equivalent to the norm of £. Thus TZ C £ is complete if and only if it is an 
L 1 (G), £?-invariant closed subspace of £ (here we are using that Q is unimodular so 
that L 1 (Q) = Lq(Q)). Such a subspace is s-complete if and only if it satisfies fjT. 5[) . 
Thus the assertion is a special case of Theorem l7.3l □ 

Corollary 7.6. Let £ be a Hilbert B, Q -module, where Q is a locally compact quan- 
tum group, and suppose that 1Z is a relatively continuous subset of £ . Then the 
s-completion of 1Z is equal to TZ^(£,tz)- I 11 particular, the s-completion of a rela- 
tively continuous subset is also relatively continuous. 

Proof. Let 7Z SC be the s-completion of 7Z. By Proposition ^. 141 TZj^is,ti) is relatively 
continuous and s-complete and we have 1Z C TZjr^ -ji)- Thus 7Z SC C 1Zj^(s,tz)- In 
particular, 7Z SC is relatively continuous. Now it is easy to see that the maps 7Z > 
T(£,TZ) and T ^ TZ? preserve inclusion. Thus 1Z C 1Z SC implies F(£,TZ) C 
F(£,TZ SC ). Since 1Z SC is relatively continuous and s-complete, Theorem I7.3I yields 
TZt(£,ti) C lZjr {£ ,n Bc) = TZ SC . Therefore Tl^e,n) = T^sc- □ 

Corollary 7.7. Let £ be a Hilbert B,Q-module and suppose that Q is co-amenable. 
Let TZ C £ si be some relatively continuous subset. Then TZj^(eji) * s the completion 
oflZ. Ln particular, 1Z is complete if and only ifTZ is equal to Hy^e n)- 

Proof. This follows from Proposition \6A0\ and Corollary [76] □ 

The result above implies, in particular, that our definition of completeness of 
relatively continuous subsets is equivalent to [231 Definition 6.2] in the case of 
groups (see [23 Proposition 6.3]). 

The following result gives a description of the s-completion of a relatively con- 
tinuous subset. 

Proposition 7.8. Let £ be a Hilbert B,Q-module, where Q is a locally compact 
quantum group and let TZ be a relatively continuous subset of £. Then the s- 
completion oflZ is given by 

1Z SC = {£ G £ si : ((£ 1 0) e B X r Q" andLj*£e 1Z C for all u G Ljj (</)}, 
where 7Z C denotes the completion of TZ. 

Proof. Suppose that £ G 1Z SC = TZjr^ £n y By Equation (|6.3p . we have F(£,TZ) = 
\TZ C )) and hence there is a sequence (£„) in 1Z C such that |£„)) — ► As in the 
proof of Theorem 17.31 this implies that uj * £ G 1Z C for all w G L\(Q). Thus 

ftsc C {£ G 5 si : ((£ | £)} G -B x r ° and w * £ G ^ c for all w G 
And the other inclusion is trivial because 7?. sc is s-complete and TZ C C 7?. sc . □ 

Corollary 7.9. Le£ £ be a Hilbert B, Q-module and let TZ Q £ be a relatively 
continuous subset. Then 

F{£,Tl)=F{£,Tl ac ). 
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Proof. The inclusion 72 C 72 sc implies J-"(£,72) C T{£ , 72 sc ). On the other hand, if 
£ G 72 sc , then by the description of 72 sc in Proposition 17.81 we have to * £ G 72 c for 
all cj G Lj(^). Thus 

for all a; G Lq (Q). Now taking a bounded approximate unit (e$) for £/ of the form 
&i = p(u>i), where u>i G Lq(Q) for all i, it follows that G J-(£,TZ). Therefore 

F(£,n sc ) = [R^f)CF(g,n). □ 

8. FUNCTORIALITY AND NATURALITY 

Throughout this section we fix a locally compact quantum group Q and C*-algebra 
B with a continuous coaction of £/, that is, a £/-C* -algebra. 

Definition 8.1. Let (£i, 72i) and (£2,^2) be continuously square-integrable Hilbert 
B 7 (/-modules. An operator T G £^(£1,^2) is called 72- continuous if T(72i) C 7£ 2 
and T*(72 2 ) C 72i. 

Given a locally compact quantum group £/ and a C/-C*-algebra B, the contin- 
uously square-integrable Hilbert B, (/-modules form a category with ^-continuous 
adjointable operators as morphisms. The s-continuously square-integrable Hilbert 
B, (/-modules form a full subcategory. By Proposition 16.101 these categories are 
identical if Q is co-amenable. 

In what follows, we analyze the functoriality of our constructions. 

Proposition 8.2. Let Q be a locally compact quantum group and let B be a Q- 
C* -algebra. The construction (£,72.) t— > J-(£,1Z) is a functor from the category 
of continuously square-integrable Hilbert B,Q -modules to the category of Hilbert 
B xi r Q -modules. 

Proof. Given an 72-continuous £/-equi variant operator T : (£i,1Zi) — > (£2,1Z 2 ), the 
associated adjointable operator T : F{£i,TZ{) — > J {£2^2) is given by T(x) =Tox 
for all x G 7"(£i,72i) C C G (B ® H,£{). Here one uses that |T(£))) —To for 
all £ G £ s i and the fact that J 7 ^, 72/c) is the closure of |72fc)), for k — 1,2. Since 
T(JZ\) C 7^2) this ensures that T is a map J*(£i,7?.i) — > J '{£2^2) ■ In the same 
way, since T*(72.2) C 72. 1, the operator T is, in fact, adjointable and its adjoint is 
given by f*{y) = T* o y for all y G T{£ 2 , K 2 ). □ 

Given an abstract Hilbert B Y\ r Q -module J-, we can, by [221 Theorem 5.1], 
identify it with the concrete Hilbert B x r Q -module T(F) C CP (B® H,£jr), where 
£> := F®a (B ® A := B x r and T : J" -» ® is the canonical 

representation defined in [23l Equation (32)]. Recall that T(x)f = x ®a f for all 
x G J- and / G B ® H . In this way we get an s-complete, relatively continuous 
subspacc 72 jr C £jr as in Proposition 16. 121 by 

72 jr := {£ G £j? : £ is square-integrable and G T(J")}. 

Since T is essential, 72;f is dense £ jr. In fact, note that by Theorem 17.31 and 
Proposition ^. 121 72 jr is the s-completion of the linear span of T{F) [BQ A(7^)) and 
this linear span equals J- (3a \BQMj~ip)) ■ Thus the pair (£jr, 72jf) is a s-continuously 
square-integrable Hilbert B, (/-module. 

Lemma 8.3. With notation as above we have T{£jr,lZjr) = T(!F). 
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Proof. Since T(x) G L g (B® H, £) we have i®aC = T(x)( G £ si for all x G T and 
C G (5 ® H) si and |x A C» = \T(x)Q) = T(x) o It follows that 

F(£r,Kr) = span(|ft)) o A) 

= span(|J"0A^ o )) o A) 

= span(T(J") o |7e. » ° A) 

= spm(T(F)oA) = T(J 7 ). □ 

Proposition 8.4. The construction T i— > (£f,7Zj?) is a functor from the category 
of Hilbert A-modules to the category of s- continuously square-integrable Hilbert B, Q- 
modules. 

Proof. First, observe that the map J 7 i— > £.f is functorial: to an adjointable operator 
S 1 : J 7 ! — > T2 we associate the C/-equivariant adjointable operator S®a'\A : £\ — > £2, 
where £k := J 7 k^A(B<S>H) ) k = 1, 2. It remains to show that S®Aid is ^-continuous, 
that is, (S<8uid)(7£i) C ft 2 and (50^ id)*(fc 2 ) C fti, where ft fc := K Tk , k = 1,2. 
Since (S ®a id)* = 5* (gu id, it is enough to show that (5 <8u id)(72-i) C TZ 2 - Let 
Tfe : Fk — > C g (B ® H,£k) be the canonical representation of J-jfc, that is, Tk{x)f = 
at <8u / for all x e £k and / G -B H. Note that (5 <8u id) o Ti(as) = r 2 (5(a;)) for 
all 16 Ji. Thus (5 a id) ° 7i(Ji) C T 2 (J-2). Combining this with the relation 
|(5 a id)0) = (5 ® A id) o for every square-integrable element £ G £\ (see 
Proposition 13 .8f hi) ) . the desired result follows. □ 

Corollary 8.5. Let Q be a locally compact quantum group and let B be a Q-C* -al- 
gebra. Isomorphism classes of Hilbert modules over A := B x r Q correspond bi- 
jectively to isomorphism classes of s- continuously square-integrable Hilbert B,Q- 
modules via the functors 

(8.6) (£, 1Z) H> F{£, 1Z) and T i-> (£^,71^), 

where £jr ■= J 7 ® A (B ® H ) and IZjr is the s-completion of T a (B A(7^)) . 

Proof. The maps in (|8.6I) are considered between isomorphism classes and are well- 
dehned by Propositions 18.21 and 18.41 To prove that they are inverse to each other, 
let (£ , TV) be an s-continuously square-integrable Hilbert B, ^-module and define 
T := T(£,1Z). We have to prove that (£ T ,7l T ) ^ (8,11). Define U : £ T -> £ by 
U(x A C) := x(C) for all x G T C C g (B H, £ ) and £ G S if. The unitary f7 
appears in Theorem 17.31 and is t/-equivariant. It remains to show that U(1Zj?) — 
7Z. Since 7Zjr,7Z C £ are relatively continuous and s-complete, it is enough to 
show that T(8 , U(1Zjr)) = F(£,7Z) = J ' . Note that U(JZjr) is the s-completion of 

U(TQ A TZ a ) = spanJ^fto), where ^ := 50 A(7^). Since J 7 C £ g (B(g>H,£) and 
|7e » = A, we have F(S,Kjr) = span^ o A) = J. Therefore = (£r,Kjr). 

Now assume that J 7 is a Hilbert A-module and define (£,7Z) := (£^,71?). We 
have to show that J- = J-(£,7Z). Let T : F ^ C g (B ® H,£jr) be the canonical 
representation of J 7 as defined in [321 Equation (32)], that is, T(x)( := x 0a £ for 
all x G J 7 and C G B H. By |H Theorem 5.1], J 7 = T{F) as Hilbert A-modules, 
and by Lemma 1831 T(J") = T(E,Tl), so that J 7 = T(F) = T(£,K). □ 

Finally, we prove that our constructions are natural and yield an equivalence 
between the respective categories. 

Theorem 8.7. Let Q be a locally compact quantum group, and let B be a Q- 
C* -algebra. Let (£,7Z) be an s-continuously square-integrable Hilbert B,Q-module, 
and let T := J-(£,TZ). Then there is a canonical, infective, strictly continuous 
*-homomorphism <fi : C(F) — > C g (£), whose range is the space of TZ- continuous 
operators. It maps K,(!F) isometrically onto Fix(f,7 r i). 
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The categories of s- continuously square-integrable Hilbert B, Q -modules and Hilbert 
modules over B y> T Q are equivalent via the functors (£,7Z) <-> J-(£,7Z) and J- i— > 

The generalized fixed point algebra Fix(£,7?.) is the closed linear span of the 
operators (id^g) g3 V 5 )(IO( 7 ?l) G £ (&)> £> V € ^> an d ^ * s Morita equivalent to the 
ideal I{£,1Z) =span{((£|?7}) -.^neTZ} of B M r 0°. 

Proof. Since TZ is s-complete, we have TZ — IZjr and T = \TZ)) (by Corollarv l7.6l and 
Equation (|6.3[) '). These facts together with Proposition ^. 8f iii) imply that the set M 
in [23j Theorem 5.2] equals the set of ^-continuous operators. Therefore, the same 
4> of [23j Theorem 5.2] yields the first statement. Combining this with Theorems l7.3l 
and [33J Theorem 5.1], we get the second statement. The last statement follows 
from Equation (|6.5p and Proposition 15. 71 □ 

Corollary 8.8. Let Q be a compact quantum group and suppose that B is a Q- 
C* -algebra. Then the functor 

T^rT <g> (B®L?(Q)) 

is an equivalence between the categories of Hilbert B x r C/ -modules and Hilbert B, Q- 
modules. In other words, any Hilbert B, Q -module appears in this way for a unique 
Hilbert module T over B x r Q and the map C(F) — > CP(£ ) is an isomorphism. 

Given a Hilbert B,Q-module £, the generalized fixed point algebra associated to 
£ is the usual fixed point algebra: 

Fix(£ ) = {xe K{£) : 7(2) = x ® 1} S /C(J" £ ), 

where J-£ — T(£,£} is the Hilbert B x r Q -module associated to £. 

Proof. If Q is compact, then any Hilbert B, ^-module is continuously square-integra- 
ble and TZ = £ is the unique dense, complete, relatively continuous subspace. There- 
fore there is no difference between the categories of continuously (and hence also 
s-continuously) square-integrable Hilbert £?, ^-modules and arbitrary Hilbert B, Q- 
modules. The assertions now follow from Theorem 18.71 □ 

In particular, for compact quantum groups every Hilbert B, ^-module is "proper" 
in the following sense: 

Definition 8.9. We say that a Hilbert B, (/-module £ is TZ-proper if there is a 
unique dense, s-complete, relatively continuous subspace of £ . 

By Theorem l7.3[ £ is 72.-proper if and only if there is a unique concrete, essential 
Hilbert B M r (f -module T QC G {B® L 2 {Q),£). 

Recall that in the group case Q = Co(G), a G-G*-algebra A is called spectrally 
proper if the canonical induced action of G on the primitive ideal space Prim(A) is 
proper (see [33J Definition 9.2]). This class includes all the proper G-G*-algebras 
in the sense of Kasparov [IS]. By Theorem 9.1 in [33], every Hilbert module over a 
spectrally proper G-C*-algebra is 7£-proper. In particular, a commutative G-G*-al- 
gebra Co(^0 (where X is a locally compact G-space) is 7?.-proper if X is a proper 
G-space. Conversely, if C${X) is 7£-proper, then it is, in particular, integrable and 
therefore, by Rieffel's Theorem 4.7 in [27 , X is a proper G-space. 

In the general quantum setting, unless Q is compact, it is not easy to find non- 
trivial examples of 7?.-proper Hilbert modules. In this direction, we have the follow- 
ing result: 

Proposition 8.10. Let Q be a locally compact quantum group and let Q coact on 
itself by the comultiplication. Then Q is an TZ-proper Q-C* -algebra if and only if Q 
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is semi-regular, that is, 7C(L 2 (C/)) is contained in C := span(C?C? ) = Q M r Q . In 
this case, TZ — G sl is the unique dense, s-complete, relatively continuous subspace of 
Q . The Hilbert Q x r Q -module J-"(C7,72) is isomorphic to the dual L 2 (Q)* of L 2 {Q) 
considered as a Hilbert C-module in the canonical way. In particular, Fix(C7, 72) = C 
and I(Q,TZ) = 7C(L 2 (£/)). The quantum group Q is regular if and only if TZ is 
saturated. 

Proof. By Equation 15.91 we have 

l0> = (le®A(O*)W; m=W*(l g ®A(0), for alU € &i = dom(A)*. 

Since Q is semi-regular, TC(H) C C := span££ c and hence W*(l ® K(H))W C 
W*(1®C)W — Q x (see Equation (|5.1ip ). Thus, if Q is semi-regular, any subset 
of Q s \ is relatively continuous. Now note that if 72o C £/ s j is a complete subspace, 
then 

72 ) = WoJ) = (lg ® MK* )*)W = (lg <8 # *)W, 
where 77o := A(72q) (which is a closed subspace of H = L 2 (Q)). Equivalently, 

In particular, T(G,TZ)* = W*(lg ® 77). Dchne the following linear map 

T : ran(A) C L 2 (G) -> ((72| C .F(£,7Z)*, T(A(0) := ® A(0). 

Then (identifying C ^ Clg C .M(0)) 

(T(A(0)|T(A(»j))) = (W*(lg®A(t)))*W*(l g ® Afo)) 
= (lg ® A(0*)WW*(lg ® A(r/)) 
= = <A(C)|AW)z,=(S). 

It follows that T extends to an isomorphism L 2 (Q) = F(Q,TZ)* (as Hilbert spaces). 
Thus ^-"(5, 72.) = L 2 (Q)* as Hilbert modules over 7C(L 2 (C/)) and hence also as Hilbert 
modules over C. 

Finally, suppose that 72o C Q s i is dense and s-complete. Then 

x(g,n ) = m^{w*(i g ® lofaljw : z,v e a(tz*)} = w*{\ g ®K{H ))w. 

The subset 1{Q,TLq) C VF*(l e ® /C(77))W/ C £ x r <T is an ideal of Q x r £ c and 
hence also of W*{lg ® K{H))W. It follows that JC(H ) is an ideal of JC{H). Since 
JC(H) is simple, we get !C(Ho) = JC(H) (Hq is not zero because 72o is dense in Q). 
Cohen's Factorization Theorem yields H = JC(H)H = JC(Hq)H = Hq. Hence 

Therefore, 72o = 72 because both 72o and 72 are s-complete. The last assertion was 
already proved in Proposition [575] □ 

Remark 8.11. Examples of non-semi-regular quantum groups have been constructed 
in [3] . It has been observed there that for such examples the coaction of Q on itself 
via the comultiplication is in some sense not "proper" . We can now give this 
statement a precise meaning if we agree that "proper" means 72-proper. 

Moreover, if we agree that a proper (that is, 72-proper) coaction is "free" if 
the corresponding dense, s-complete, relatively continuous subspace is, in addition, 
saturated, then we can also say that the comultiplication of a locally compact 
quantum group is proper and free if and only if it is regular. 
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